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1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

The spectral distribution of radiant flux (the energy emitted per unit of time) from a source is
called as the emission spectrum.
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An emission spectrum can have a continuous or discrete spectral
distribution.
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1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

An example of continuous spectral distribution is given by the thermal radiation, the
radiation emitted by a body due to its temperature.

MODELLO DI CORPO NERO i
Radiazione incidente . .

* A non-isolated body emits and

absorbs radiation from the

surrounding environment.

- Forellino

e At the thermal equilibrium,
the amount of radiation
emitted is equal to that

CORPO NERO IN EQUILIBRIO absorbed  one, and the
Cavita con pareti ALATEMPERATURAT temperature remains
interne annerite

constant.

e The spectrum of thermal

radiation strongly depends on

T temperature and minimally on
the nature of the body.
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1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

With Planck's hypothesis (each mode of the radiation field can emit or absorb energy in
discrete amounts of energy equal to integer multiples of the quantum of energy hv), the
thermal radiation field has an energy density p(v)dv within the frequency range [v,v +
dv] equal to:

8mv? hv
p(v)dv = 5w dv
ekT — 1

where c is the speed of light, h Planck's constant and K Boltzmann's constant.

The spectral distribution of energy density
p(v) for different temperatures is:

Thermal radiation has a continuous
spectral  distribution for each

ABSORPTION temperature. L L . -
AND EMISSET 10000 20000 30000 40000 v/ [cm”]
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1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

In Discrete spectral distributions, the radiant flux of a source has distinct maxima at certain
frequency values v,;,, and are generated by transitions of atoms and molecules between two
bound states of energy E, and E; (con E, > Ei) by the relation:

hvi, = Ey — E;

Absorption spectrum

If a continuous spectrum radiation passes through a gas sample, molecules in the lower
energy state E; can absorb radiant power at eigenfrequencies:

Ey — E;
h

Continuous spectrum

which will cause spectral "holes"

on the distribution of the Transmitted power spectrum

LIGHT transmitted power.
ABSORPTION
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1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

The difference between the incident spectral ﬁE KM\ lonization-
distribution on the sample and the transmitted one is — limit

called as the absorption spectrum of the gas sample.

racombination
continuum

 The absorbed energy will excite
the molecules to the state Ej,.

! £

3

* If these states are energy levels, g -.EE_} s
the resulting spectrum will be a E g 3
discrete absorption spectrum. g

If E, is above the ionization
energy, the absorption
spectrum will be continuous.
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1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

The power absorbed within the spectral range dw at angular frequency w as a result of the
transition |i) — |k) within the volume AV = Adx is proportional to the incident power

P,(w), to the absorption cross section aj, to the difference N; — %Nk of the population
k

density of absorbing molecules in the two energy levels (g; and g, are the number of
degenerate states for energy levels E; and E},, respectively):

dP;, (w)dw = Py(w) <Nl- — &Nk> o dxdw

k
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1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

At thermal equilibrium, the population of the levels is given by the Boltzmann distribution,
namely:

i _Ei
N; = N—e KT
Jrk _Ek
N, = N—e KT
k 7

where N is the total density of molecules and Z is the partition function defined as a
summation over all of the allowed states:

_ghv
Z:Ze KT
q

Integrating within the overall
frequency range emitted by the
source:

N Ei  _Eg
ABSORETI P, = ggi(e_KT —e KT)dx jPO (w)oy, dw

AND EMISSION



1.1 EMISSION SPECTRA AND
ABSORPTION SPECTRA

In the case of a monochrome source (laser):
Py(w) = Py (w — wg)
the transmitted power will be :
N ( _Ei _ﬂ)
Py = give KT —e KT Pyoix (wo)dx

Absorption lines can be measured only if the absorbed power is high enough, or if the
density of molecules N or the optical pathlength dx are sufficiently large.

In addition, in the round bracket, the first Boltzmann factor must be larger
than the second one. This means that E; < KT but E;, > KT.

So, it follows that the gas absorption lines at thermal equilibrium are
intense only for transitions starting from energy levels E; that are
thermally populated towards poorly populated thermally states Ej,.

LIGHT
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1.2 TRANSITION PROBABILITIES

The intensity of the spectral lines depends not only on the population density of the
molecules in the levels involved but also on the probability of transition of the

corresponding molecular transitions.

dP;, (w)dw = Py(w) (Nl- — %Nk> o dxdw
k

If these probabilities are known, population density can be calculated by measuring the
intensities of absorption lines. This can be very interesting, especially in astrophysics field
where spectral lines represent the main source of information from the extraterrestrial

world.

1. The measurement of the intensity of the absorption or emission lines
allows the estimation of the concentration of the elements in stellar
atmospheres or interstellar space.

2. Comparing the intensities of different lines of the same gaseous
species (for example, transitions E; = E} and E, = Ej, that is, from two
different higher levels E; and E, to the same lower level E}) you can
determine the temperature of the light source starting from population

LIGHT
ABSORPTION densities N; and N, of levels E; and E,, at the thermal equilibrium.
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1.2 TRANSITION PROBABILITIES

1.2.1 Lifetime. Spontaneous and non-radiative transitions

All these experiments require that the transition probabilities are known. Let's see how
it is possible to estimate them experimentally.

The probability of transition g, that an E, 7\
excited molecule in the level E; make a A,
|
transition to the lowest level E, by
spontaneous emission of a quantum hvy, = o E2
E; —E, is determined by the Einstein Excitation Ai
- . E,
coefficient of spontaneous emission A;, by
the relation: Aio
Ai:zAij
= i
d ik

When there are several possible transitions from E; to different energy
levels lower E},, the probability of transition is given by:

LIGHT — ,
Al — Alk
ABSORPTION
k
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1.2 TRANSITION PROBABILITIES

1.2.1 Lifetime. Spontaneous and non-radiative transitions

The decrease dN; of population density N; in the time interval dt will be:

dNi — —AiNidt
Integrating it leads to:

Nl(t) == Noe_Ait

0.

where N is the population density at t

After a time 7; = 1/A;, the population density N; has decreased by a value of
1/e from its initial value at t = 0. Thus, 7; can be defined as the average
lifetime for decay by spontaneous emission of the level E;, as it follows from the

definition of mean value starting from the probability function (N—) dN;(t),
0

which represents the probability that an atom in the level E; makes a

spontaneous transition in the interval [t,t + dt]:

0 0

L 1 1 (® e 1
T; = — thi(t) :——j tAiNidt:_f tAl-e t dt:—:'l'i
No Jo 0

LIGHT N, No 4;
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1.2 TRANSITION PROBABILITIES

1.2.1 Lifetime. Spontaneous and non-radiative transitions

The radiant power emitted by N; molecules as a result of the transition E; — E}, will
be:

Pix = Nihvy Ay
If different transitions E; — E} occur from the upper energy level E; at different
lower levels E,, the radiant powers at the respective spectral lines will be
proportional to the product between the Einstein coefficients A;; and photon
energies hvjy.

The energy level E; of a molecule A can be depopulated not only by spontaneous
emission, but also through collision-induced, non-radiative transitions.

E, ry Inelastic
collisions
Him
A Em
Excitation Fluorescence
——FE

LIGHT
ABSORPTION EU
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1.2 TRANSITION PROBABILITIES

1.2.1 Lifetime. Spontaneous and non-radiative transitions

The probability goc"”ik of this transition depends on the Ny density of molecules B with
which it can collide, on the average relative speed 7,5 between molecules A and B and

on cross-section g%, for an inelastic collision that induces the transition E; — Ej,, by
the relation:

dSOCOZlik
dt

Assuming a Maxwell-Boltzmann distribution for speeds of the molecules at the thermal
equilibrium, at temperature T in a volume V, one obtain:

- coll
= VypNpo """k

____ |BKT
Vap = -
where u is the effective mass:
M,Mp
=117
LIGHT My + Mg

ABSORPTION
AND EMISSION being M, the mass of molecule A and Mg the mass of molecule B.



1.2 TRANSITION PROBABILITIES

1.2.1 Lifetime. Spontaneous and non-radiative transitions

Including both the processes of spontaneous emission and inelastic collision, you can

define an effective average life time Tieffas:

1 1

eff _ _spont + VapNpo
Ti Ti

coll

known as Stern-Vollmer equation, that plotted as a function of the product v,5Ng returns a
linear trend with a slope proportional to the cross section of the collision process o¢°!;
and an intercept value proportional to the average lifetime of spontaneous emission.

LIGHT
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1.2 TRANSITION PROBABILITIES

1.2.1 Lifetime. Spontaneous and non-radiative transitions
Assuming an ideal gas law, the equation of state is

PV = NKT

and the density of molecules can be expressed as a function of pressure P and
temperature T':

N P

N = = —
By T KT

which can be determined experimentally in a simpler way than N and the
effective average lifetime of the excited state can be expressed as a function of
the gas pressure:

— + gCcol.
spont ik
2T T

mTuKT

LIGHT
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1.2 TRANSITION PROBABILITIES

1.2.1 Lifetime. Spontaneous and non-radiative transitions
With an intense radiation field, the stimulated emission becomes no longer negligible,
contributing to the depopulation of the level E; through the transition |i) — |k) with a

probability given by:
ngStim.
le = p(Vir)Bix

being p(v;;) the energy density of the radiation field at frequency v;,, and B;; the Einstein
coefficient of the stimulated emission.

In this case, the overall probability of transition determining the actual average
lifetime of the level E; will be given by the sum of the three contributions:

spontaneous emission, stimulated emission and inelastic collisions:

LS ot oty 2t pm
T.eff - Tispont ik TuKT ik)Pik

l

Determining 7;7°™ and ¢, with the Stern-Vollmer equation assuming
that the stimulated emission is negligible, the average life time of the

LIGHT
ABSORPTION stimulated emission can then be derived.
AND EMISSION



1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

In the semiclassical approach, the electric field associated to a radiation field incident on an
atom is described by a plane wave solution of Maxwell's equations:

E = Eycos(wt — kz)

while the atom is described by quantum mechanics as a two-state system E, and E,,

Ey y ﬁaser spectroscopy is used in spectral ranges where ’a
b

wavelength A is much larger than the diameter of an atom

u d (for example, in the visible range, A = 500 nm and d <
LI;JQ 1 nm). In the approximation A > d, the phase of the
I electromagnetic wave does not change within the volume
§ of an atom, since:

2T

kz=—2z<K1
\q:\ 7
if z < d. We can therefore neglect in the calculations the

LIGHT spatial derivatives of the amplitude of the field (dipole
~BSORPTIE Qproximation). /
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Assuming the coordinate system with the origin in the center of the atom, we can impose
kz =~ 0 within the volume of the atom and then the plane wave becomes:
E = Eycos(wt) = Ay(e'®t + e~t)

where |4,| = %|Eo|

The Hamiltonian operator H of the atom interacting with a weak electromagnetic field can
be expressed as the sum of the unperturbed Hamiltonian H, of the free atom and the

perturbed operator I/:
H - HO + V

In the dipole approximation, I/ can be expressed as the scalar product between the
dipole operator p = —er and the electric field E:

V=p-E=p-E,cos(wt)

LIGHT
ABSORPTION
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

We indicate with ¥ (7, t) the general solution of the time-dependent Schrodinger equation:

H(r, t) = mw

Being ¢, (17, t) the eigenfunctions of the unperturbed atom:

bn (r,t) = Un (re _iETnt

the general solution Y(r,t) can be expressed as a linear combination of the
eigenfunctions of the unperturbed atom:

lp(rr t) — Z Cn (t)¢n(r; t) — z Cn(t)un(r)e_iETnt

n n

LIGHT
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

For a two-level system with eigenstates |a) and |b) with energy levels E, and Ej, the
summation is reduced to two terms:

_iEqt _iEpt
Y(r,t) =a(t)uze * +b(t)uye *h

The coefficients a(t) and b(t) are the probability amplitudes of atomic states |a) and |b),

meaning that |a(t)|? represents the probability to find the system in the state |a) at the
time t.

Of course, we will have |a(t)|? + |b(t)|? = 1 for each value of t.

Imposing it as a solution of the Schrodinger equation:

[ _iEqt _iE_bf] , a[a(t)uae_T] _ 6[b(t)ube_T]
(Hy+V)|la(®uge » +b(t)uye *h ih 3¢ + ih 3t

LIGHT
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Let's explain the mathematical steps:

l _iE, t] l iEp, tl l _iE, tl l ﬂ]
Hyla(Hugze + Hy |b(Hupe + V]a(®ugze + V |b(t)uye
. _LE_t _lE t IEpt _ﬂ
= jha(t)uze " +E;a(t)uze h + lhb(t)ube e + Ep, b()upe *h
iEqt iEbt

Being uze » and upye » eigenfunctions of the unperturbed atom, they are
eigenfunctions of the Hamiltonian H,, and so:

[ _LEqgt] lEat
Hyla(®uze » | =E,;a(t)uye

' _IEpt] _IEpt
Hy[b(Dupe " |=E, b(t)upe &

The previous expression becomes:

LIGHT IE,t IEpt

: iEgt iEpt Eqt _Ept
ABSORPTION — QII(ITM + ihb(Hupe” —a(t)V[ua ]+b(t)Vlube ]



1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

We use the orthogonality relation for the eigenfunctions of the unperturbed atom:

jU;Ude = 611

So, let’s multiply the previous expression by u; and then proceed with spatial integration:

. . _lEql _lEqt _iEpt
iha(t)e » =a(t)e & fuZVuadT+b(t)e h juZVude

Let’s define:
Vg = J uzVu,dr

Vyp = juZVude
to derive an expression for a(t):

/LAIE?SHOTRPHON : I l i(Ea_Eb)t]
a(t) = —% a(t)Vyy + b(t)V,e 7

AND EMISSION



1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Let’s multiply the previous expression by u;, and then proceed with spatial integration, as
before:

. . _LEpt _LEqt _iEpt
ihb(t)e » =a(t)e *h ju,’;VuadT+b(t)e h jul’;Vude

Let’s define:

Vg = JuZVuadT

Vbb = fuZVude

to derive an expression for b(t):

) [ I(Eq—Ep)t
LIGHT b(t) = - [b(t)Vbb + a(t)Vy e h ]

ABSORPTION
AND EMISSION



1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

In summary, we have the two expressions for a(t) and b(t):

(. ' i(Eq—Ep)t
a(t) = —|a(®Vy + bOVe 7 2]

b(t) = —
\

I(Eq—Ep)t
(W + alO)Vpge T ]

S|~

Recalling the expression of IV
V=p-E=—er-E

Since 1 is an odd operator, integrals V,, = V,, = 0 if the integral is between -co
and +-co,

As for the other two integrals, recalling the assumption we did for E, we can
assume that it does not vary within the integration volume:

LIGHT Vo = juZVude = —eEJu;rude

ABSORPTION
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Let’s define the dipole matrix element:

D,, = —e juz‘lrubdr

| |

Vap = EDgp

The same for I/},

Vpa = ju;‘,VuadT = —eEJu,’;ruadT

Since the position operator is Hermitian:
ju;‘,ruadr = fu;rubdr =D,y

and so:

LIGHT

ABSORPTION
AND EMISSION Vba — Vab — EDab



1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Thus the expression:

[ i [ i(Eq—Ep)t
() =~ [a®Vaa + b(OVape 7 ]
< . l [ i(Ea_Eb)t
b(0) = 1 [b@OVoy + a(OVpe™ 7 ]
\
with new assumptions Via = Vpp =0

Vba = Vap = ED gy

become:

[ i(Eq—Ep)t
bOEDge ]

[ _i(Ea_Eb)t
aOED e T

LIGHT b(t) = —
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Since:

E = Ey cos(wt) = Ag(e'@t + e~0t) con E, =24,

(Ea_Eb)
h

Defining w,p, = as the Rabi frequency

e

D _,E D ;A
Rab: a;)lozz aiI;O

We get the equations to be solved to obtain the probability amplitudes a(t) and b(t)
( i
2
[

a(t) =

b(t) =
LIGHT \ 2
ABSORPTION
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

D, must be distinguished from the expected value D of the
atomic dipole moment, which is defined as:

D=—e Jl/)*rlljd‘[

_lEqt _lEpt
Using the expression Y(r,t) = a(t)uge » + b(t)upe & ,you get:

D=—e ftp*ﬂ/)dr

iEgt iEpt _LEgt _LEpt
= —ef[a*(t)uae A+ b"(t)uye h ] [a(t)uae R+ b(upe R ]dT

Since 1 is an odd operator:

iE,t  iE
' f (Ob(De e~ P uiruydr — e j b (Da(t)e ¥ e~ hulruydr

D =
LIGHT
ABSORPTION
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1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Since D,, = —e fué‘lrubdr

and introducing the Rabi frequency, one obtain:

D = Dgpl|a*(©)b()e ™ @abt + a(t)b*(t)e'@avt]

Since a(t) and b(t) are complex numbers, we can express them in terms of a modulus and a
phase:

a(t) = la(t)|e'®a

b(t) = |b(t)]e'?>

Multiplying and dividing the second member of D by |a*(t)b(t)|

a'@®b®) _,, . a®b@® . .

ABSO! D = Dgpla*(t)b(t)] e . e
AND EMISSION ‘ la*(©)b(0)] FHGLEO]




1.2 TRANSITION PROBABILITIES

1.2.2 Semiclassical approach

Let’s define the following ratios:

a*(t)b(t) ,
la*(t)b(t)|

a(t)b*(t) _ oi(@a—9p)
la*(t)b(t)]

Let’s call: ®a — Pp = ¢ and substituting it, you get:

| |

D = Dab|a*(t)b(t)|[e—i(wabt+<p) 4+ ei(wabt+<p)]

(Pp—Pa)

and sp: D = Dycos(wypt + @)
where Dy = 2D 4 |a*(t)b(t)]

LIGHT The expected value of the atomic dipole moment oscillates under the

ABSORPTION _ e
AND EMISSION influence of the external electromagnetic field at the frequency wy,.



1.2 TRANSITION PROBABILITIES

1.2.2 Weak field approximation

» Suppose that at t = 0, atoms are in the lowest energy state E,, which implies that a(0) =
1 and b(0) = 0.

* Suppose that the amplitude of the radiation field A, is small enough so that for every t <
T the population of E}, remains negligible compared to that of E,;, which implies that
b(t < T)|? « 1.

These two conditions are called weak field approximation.

Starting the iterative procedure from a = 1 and b = 0 we can assume that the first iteration
is already sufficiently accurate:

a(t) = 0

b(t) :%

Rab [e—i(wab—w)t 4+ e—i(a)ab +w)t]

With the initial condition: a(0) = 1 and b(0) = 0 one obtain after integration
of b(t): alt) = 1

ei(wab—w)t -1 ei(wab+w)t —1

R
LIGHT b(t) = ;b +
Wap — W Wap + @
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1.2 TRANSITION PROBABILITIES

1.2.3 Weak field approximation

In the transition E, —» E, the atomic system
absorbs energy from the radiation field. The
absorption is intense only when the frequency of
the radiation field w is close to the autofrequency
Wgp, Which means that |w,, — 0| K wgp.

The second term of b(t) it is smaller than the first one and can be neglected.

This approximation is known as rotating-wave approximation, and allows the calculation of
the probability |b(t)|? that the system at ¢ is in the excited level E,.

ell@ap—w)t _ 1
Wap — W ]

b(t) = R;” !

Then the square modulus will be equal to:

2
LIGHT b(t)|? = (R;b> @ bl_ 0)? lcos[(wgp — w)t] — 1 + isen[(wgy, — w)t]]?
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1.2 TRANSITION PROBABILITIES

1.2.3 Weak field approximation

Expading the square in the bracket:

lcos[(wgp — w)t] — 1 + isen[(wgy, — w)t]|?
= cos?*[(wgp — w)t] — 2cos[(wyy, — w)t] + 1 + sen?[(wy, — w)t]

Wap — W)L
=2 —2cos[(wgp — w)t] = 2{1 — cos[(wyp — W)t]} = 4sen? ( abz )
. . . X 1 — cosx
where the trigonometric relation was used: sen (f) =+ —2
Replacing:
[ (wgp — W)t ?
(o) = (S ?|sen— |
b()|? = ( )
2 (wab - w)
2 ] 05F
LIGHT Probability of transition as a function
ABSORPTION of detuning Aw = w — wyy 0 2mt  amt

AND EMISSION W= Wha



1.2 TRANSITION PROBABILITIES

1.2.3 Weak field approximation

When the frequency of the radiation field approaches the

sen?xt

Rabi frequency, w — w,p, using the limit lim = t?, the

x—0 x2
probability of transition at the resonance is obtained:

2

pO = (“2) £

which increases proportionally as the square of time.

LIGHT spectral distribution of the interaction term.
ABSORPTION
AND EMISSION

02

0.1F

Ib(1)12

T

t2

Since we have assumed that the time of interaction of the radiation field
with the atomic system occurs in a finite time interval T, Fourier analysis

. : : : 1
allows the estimation of the spectral width of the interaction as Aw =~ ’
we cannot assume monochromaticity, but have to take into account the



1.2 TRANSITION PROBABILTIES

1.2.4 Transition probability with broadband sources

A thermal radiation source has a bandwidth dw which is much larger than the limit of the

Fourier transform Aw =~ t This consideration is different if we consider a laser as a
radiation source.

If we indicate p(w) as the spectral energy density of a radiation source, the electric field
amplitude E will be:

E§ ,
jp(a))da) =& = 26045

We can then generalize the expression found for |b(t)|? including the interaction of the
broadband source with the two-level atomic system by an integration over all

frequencies of the radiation field. This leads the total transition probability ., (t) as a
function of the time:

2

R p\° -sen (wabz_ w)t|
t) = | Ib(t)|%d =(L”) j d
par(® = [ DO Pdo = (5 — 2 do
2
' 12
D 2 sen (wab_a))t

LIGHT — Z4b p2 2 dw
ABSORPTION 4p2 0 (wgp — @)
AND EMISSION 5




1.2 TRANSITION PROBABILTIES

1.2.4 Transition probability with broadband sources

From the previous relation, we have:

) _ 2 [ p(w)dw [
0 £
Replacing:
- 12
Pap(t) = 2e9h? pRO (wyp — W) @
2

For broadband radiation sources, p(w) is slowly varying over the absorption
line profile. It is essentially constant over the frequency range where the
factor in square bracket is large.

As a result, we can replace the function p(w) with its value at the resonance

p(wgp).

LIGHT
ABSORPTION

AND EMISSION



1.2 TRANSITION PROBABILTIES

1.2.4 Transition probability with broadband sources

J p(wap)

So that:

LIGHT

ABSORPTION
AND EMISSION

sen (Wap 2_ w)t

(wab — C‘))

2

2

do = p(a) |

sen (Wap 2_ w)t

(wab — (U)

2

T
Pap(t) = 2 Dabzp(a)ab)t
Eoh

dgoab_ T[

The transition probability per unit of time will be:

dt

 goh

which is time-independent.

> Dabzp(wab)

2

dw = p(wyp)2mt



1.2 TRANSITION PROBABILTIES

1.2.4 Transition probability with broadband sources

To derive from this result the expression of the Einstein coefficient for the absorption, we
must consider the fact that the thermal radiation is isotropic while the electromagnetic wave
considered so far propagates into one direction. For randomly oriented atoms with dipole
moment p, the averaged component of p? in z-direction is {p,%) = p?cos?8 = p?/3. In the
case of isotropic radiation, the interaction term must be divided by a factor 3:

dgoab _ n
dt 3eyh?

Dabzp(wab) = p(wgap)Bap

D,, = —e jué}rubdr

2

2
LIGHT __ Te «
ABSORPTION Bap = 3e 2 UgTUpdT
AND EMISSION €o



1.2 TRANSITION PROBABILTIES

1.2.4 Transition probability with broadband sources

So far, we have assumed that the energy levels are not degenerate.

In case the level |b) is n-degenerate, the transition probability must consider the summation

over all n degenerate levels, i.e.:
p(wgap)Bap = p Z Babn
n

If the level |a) is m-degenerate, the summation over all m degenerate levels must be also
considered, taking into account that the population of each sublevel |a;) is only the fraction

Na/9a-
Tthe Einstein coefficient B, for the transition |a) — |b) will be:

da YIb -
o= s 9 S P =5
ab = 3¢, h2 Jdaq | amb” 3eoh2g, P

m=1n=

- where S, is called as the linestrength of the atomic transition |a) — |b).
ABSORPTION
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1.2 TRANSITION PROBABILTIES

1.2.5 Phenomenological inclusion of decay processes

So far, we have neglected the fact that the levels |a) and |b) are not only coupled by the
transition induced by the external electric field but may also decay by spontaneous emission
(we can neglect the stimulated emission because we are in weak field conditions).

We can include these decay phenomena by adding phenomenological decay terms in the
expressions found for a(t) and b(t), which can be expressed by decay constants y, and y,
for the levels |a) and |b), respectively.

With the same hypotheses (rotating wave approximation), the expressions for a(t) and
b(t) become:

[ 1 ' .
alt) = =5 7aa(t) + 5 Rap[e @] 6)
4 ,
. 1 :
b(t) = ~5¥ub() + = Rep[e 1 @a=)]a(t)
\

LIGHT
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1.2 TRANSITION PROBABILTIES

1.2.5 Phenomenological inclusion of decay processes

With the same iterative procedure used before, one obtained in a similar way the
transition probability per unit of time equal to:

dsoab :l Rczlb

at ’ (Wap — W)* + (%Vab)z

which represents a Lorentzian line profile with a full halfwidth y,, = Y4 + ¥p-

It can also be shown that the induced dipole moment of an atom interacting
with a monochromatic radiation field behaves like a driven damped oscillator

with wgp =(E“;Eb) for the eigenfrequency and y,, =y, +vp, for the

damping constant:

_Yab,
D = Dge 2 "cos(wgpt + @

LIGHT
ABSORPTION
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1.3 EXCERCISES
/" EXERCISE 1 )

The beam of a monochromatic laser passes through an absorbing atomic vapor with
path length L = 5 cm. If the laser frequency is tuned to the center of an absorbing
transition |i) — |k) with absorption cross section o = 10™1* ¢m?, the attenuation of
the transmitted intensity is 10%. Calculate the atomic density N; in the absorbing
level |i).

\_ J

The power absorbed per unit area within the spectral range dw at the angular frequency
w for a pathlength L is:

dP;, (w)dw = Py(w) (Ni — %Nk> ogLdw

k

where Py(w) is the incident power of the laser beam, N; and N, are the

population densities of the absorbing molecules in the two energy levels E;
,I&IBC’;SHOTRPTION and E; g; and g; are the number of degenerate states for energy levels E;
AND EMISSION and Ej, respectively.



1.3 EXCERCISES

We assume that the excited state is empty, N, = 0.

Since the laser is tuned to the center w, of the absorption transition,

Py(w) = Pyb(w — wyp)

Integrating into the overall frequency spectrum

P = PyN;oyL

Thus, N; can be calculated:

Py 1 1
N=———=0.1"- = 2.1012 -3
Y Py oyl 10~ cm?2-5cm cm

LIGHT
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1.3 EXCERCISES
/EXERCISE 2 \

An excited molecular level |i) is connected with three lower levels |n) and the
groundstate |0) by radiative transitions with spontaneous probabilities A;p = 4 -
107s7 1 A4;; =3-107s71,4;, =1-107s tand A;3 =5-107s7 1.

I . : ... N
Calculate the spontaneous lifetime 7; and the relative population densities — under

/

continuous-wave excitation of |i) when t; = 500 ns, 7, = 6 ns and 73 = 10 ns.

%AB 13)

LIGHT

ABSORPTION
AND EMISSION |O)




1.3 EXCERCISES

Since there are 4 possible transitions from |E;)to  |E;)

A
different lower energy levels, the transition Ay Q‘AB 3)
probability is given by: 2
2
A
A = zAin 1)
’ A

and the average lifetime 7; of the level |E;) will be: 10 10)

1 1 1
A; Y.A;, 13-107s71

T; = = 7.7ns

When the level |i) is excited in continuous-wave, for each level [n) we can
write a rate equation considering the population due to the transition A4;,
from the level |i) and its depopulation considering its average lifetime ,,.

LIGHT For the groundstate|0) we can consider an infinite lifetime 7, = oo.

ABSORPTION
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1.3 EXCERCISES

dN,, N,
2 NAL — 2
dt “n ,l_n

: . dN
Under stationary conditions, d—t" = 0.

and so:

N
Wrz = ThAin

For each energy level:

N
~-=T1di = 5001075 -3+ 10757 = 15

[

N
2= T,A;, =6-107%-1-107s71 = 0.06

N;

LIGHT N
ABSORPTION = 734;3 =10-107%s-5-107s71 = 0.5

AND EMISSION Nl




1.3 EXCERCISES
/" EXERCISE 3 h

An optically excited sodium atom Na(3P) with a spontaneous lifetime 7,,(3P) =
16 ns is placed in a cell filled with 10 mbar nitrogen gas at a temperature of T =
400 K. Calculate the effective lifetime Teff(SP) if the quenching cross section for
Na(3P) — N collisions is o, = 4 - 107> cm?.

\_ J

Considering both spontaneous emission and inelastic collision processes, the effective
average lifetime 7. (3P) is defined as:

1 1
Torr 3P) = 75y (3P) + Una-N2MN20g

where 1y, is the density of nitrogen molecules and Vy,_p> is the relative

LIGHT average velocity between the nitrogen molecule and the sodium atom.

ABSORPTION
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1.3 EXCERCISES

Assuming an ideal gas, the equation of state is:

The molecular density can be expressed as a function of pressure P and temperature T

Ny, P 1000 Pa

— N2 © —1.8-107cm™3
W2 T T T KT T 13810723 JK-1-400K cm

Assuming a Maxwell-Boltzmann distribution of velocities at the thermal equilibrium :

8KT

!

UNa-N2 =

LIGHT , My, Mpq
ABSORPTION where u is the reduced mass: U

AND EMISSION MNZ + MNa




1.3 EXCERCISES

Being:
My, = 14u + 14u = 28 u
MNa — 23 u

with u = 1,66 - 10727 kg unified atomic mass unit

| MMy, 6443
b= My, + My,  51u

=12.6u

Then:

m cm
=820— =28.2-10*—
3.14-12.6-1.66 - 10?7 kg S S

UNa-N2 = - =

8KT Js .1.38-10-23 JK~1.400 K

LIGHT

ABSORPTION
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1.3 EXCERCISES

The effective lifetime 7.¢7(3P) can be nowcalculated

1 1
= _ o
Terr(3P) Ty (3P) T Ung-nN2MN20g

~ 16109
= 6.25-10’s"1+5.9. 107 —1=1215-107s"1

The result gives:

1
Terf(3P) = 5151075 = 8.2 ns

Teff(Sp) = 0513T5p(3P)

LIGHT
ABSORPTION
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cm
+8.2- 104— 1.8-107cm=3 -4 - 10715 ¢m?



