


2.1 NATURAL LINEWIDTH

* Spectral lines in discrete absorption or emission spectra are never strictly monochromatic.

e Even with the very high resolution of interferometers, one observes a spectral
distribution I(v) of the absorbed or emitted intensity around the central frequency

Ep—E . . . :
Wy = ( bh a) corresponding to a molecular transition with the energy difference AE =

E, — E, between upper and lower levels.

* The function I(w) in the vicinity of wy is called the line profile.

* The frequency interval dw = |w, — w;| between the two frequencies w, and w, for
which I(w,) = I(w,) = I(wy)/2 is the Full-Width Half-Maximum (FWHM) of the line,
often shortened to the linewidth.

The spectral region
within the halfwidth is
called the kernel of the
line, the regions outside
are the line wings.

kernel
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

* The spectral line profile of a radiative transition can be determined with a classical
model.

 Let's consider to irradiate a sample of molecules with monochromatic radiation
resonant with the transition E;, — E,,.

* Let’s consider the spontaneous emission of transition E, — E,. We shall describe the
excited atomic electron by the classical model of a damped harmonic oscillator with
frequency w, mass m and restoring force constant k.

* The radiative energy loss results in a damping of the oscillation described by the
damping constant y.

We shall see, however, that for real atoms the damping is extremely small, which
means that y < w.

The amplitude x(t) of the oscillation can be obtained by solving the differential
equation of motion:
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

The real solution of with the initial values x(0) = x, and x(0) = 0, is:

x(t) = xoe_%t lcos(wt) + %Sen(wt)]

2
The frequency w =\/(a)(2) _yZ) of the damped oscillation is slightly lower than the
frequency w, of the undamped case.

However, for small damping, we can set w = wy nd also may neglect the second term
in x(t). With this approximation, which is still very accurate for real atoms, we obtain

the solution as

_Y
x(t) = xpe 2 cos(wyt)

The frequency wy = 2mvy, of the oscillator corresponds to the central

WIDTHS AND
PROFILES OF
SPECTRAL
PROFILES

Ep—E : .
frequency wy, = bh = of an atomic transition E,, — E,,.



2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

Because the amplitude x(t) f the oscillation decreases gradually, the frequency of the
emitted radiation is no longer monochromatic as it would be for an oscillation with
constant amplitude. Instead, it shows a frequency distribution related to the function x(t)
X(t) by a Fourier transformation.

4 x a)
X,

S~o /2t

~
~~

[\\ /\“t
pEEs

The damped oscillation x(t) can be described as a superposition of
monochromatic oscillations e!®t with slightly different frequencies w and

amplitudes A(w):

WIDTHS AND 0 ot
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

The amplitudes A(w) are calculated as the Fourier transform:

Alw) = 1 Oox(t) e twtdt = 1 oox e_%tcos(a) t) e totdt
\/iT[ — \/ET[ 0 ° °

The lower integration limit is taken to be zero because x(t) = 0 Vt > 0.
The integral can readily be integrated to give the complex amplitudes:

1

X0 1
A =
(@) \/%[i(w—a)o)+%+i(w+wo)+%

The real intensity I (w) will be:

WIDTHS AND I(w) x A(w)A™(w)
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

In the vicinity of the central frequency wg of an
atomic transition where (0w — wg)? < w§ the
terms with (w + w,) can be neglected.

Thus, the intensity profile of the spectral line becomes:

C

(w—wp)* + (%)2

1T 17 I T T T '| T T T | LI I |

I(w — wg) =

INTENSITY
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

The constant C can be defined in two different ways:

a) For comparison of different line profiles, it is useful to define a normalized
intensity profile L(w — wgy) = I(w — wg) /1y with Iy = [ I(w)dw such that:

f Lw— wy) dw =J Llw—wy)d(w—wy) =1
0 — 00
Including the expression I(w — w,) one obtains:

“ I(w — wy)

f_iL(w - w0 d( - wo) = |

d(w — wy)
o I,
1 f i C i ,_Com —
o) 2 (1Y w0l v j dx = arctgx
(@ — wo) +(7) _eo 1+ x2
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

So in definitive:

Llw—wy) =

is called the normalized Lorentzian profile.

We calculate the FWHM. The maximum of the normalized intensity profile at w = wy is:

1 vy 2
L = =
MAX = 5

"

The value of wr — w( with respect to which L is reduced by Ly, 4x /2 will be:

Lyax = 1 1 4
WIDTHS AND - -
2 my 21 1A%
el (wp = wo)? + (4)
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

from which:
N2 y?
(wp — wg)* + (2) >
and so:
)4
Wr — Wo = E
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with a peak intensity I(w,y) = i—l;/’ and I, = [ I(w)dw



2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation
b) the normalization is chosen in such a way that I(wy) = I,; furthermore, the full

halfwidth is denoted by 2I'. In this notation the line profile:

{w—we)  I(w— wp)

L@ = wo) = Iy  I(wy)

Since:
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2.1 NATURAL LINEWIDTH

2.1.1 Lorentzian line profile of emitted radiation

Assuming x = w_rwo , L*(w — wg) can be abbreviated as:
L0 — wp) = —
W — Wy) =
0771 4 x2

with L*(wy) =1

In this notation the area under the line profile becomes:

jool(a)) dw = Ffool(x)dx = [,I'n
0 —00
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

The radiant power of the damped oscillator can be obtained from if both sides of the
equation x(t) are multiplied by mx(t):

mx(t)x(t) + mwix(t)x(t) = —ymx(t)?

Recalling that the kinetic energy for an oscillator is equal to mx(t)?/2 and its potential
energy is equal a mw%xz/Z, then the expression can be rewritten as:

d m m aw :
E(?x(t)z + ?ngz) === —ymx(t)?

_Y
Includgin the expression derived for x(t) = xpe 2 cos(wyt) and neglecting the
terms proportional to y?:

dw

— = —ymxéwie " sen?(wyt)
WIDTHS AND t
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

. 1 .
Because the time average: sen?(wgyt) = E the time-
averaged radiant power:

dWw

_ 2, .2, —yt
= ——MXrWne
dt 2 00

. dw e :
Equation shows that - decreases to 1/e of its initial value after the decay time 7 = 1/y.

Previously we saw that the mean lifetime 7; of a molecular level E; which decays

exponentially by spontaneous emission, is related to the Einstein coefficient A; by
the relation 7; = 1/A4;.

Replacing the classical damping constant y
by the spontaneous transition probability A;,
we can use the classical formula

WIDTHS AND 1 A;
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

as a correct description of the frequency distribution of spontaneous emission and its

linewidth. The natural halfwidth of a spectral line spontaneously emitted from the level
Ei is

A.
Sw= A; or 6v=—=
21

The radiant power emitted from N; excited atoms on a transition E; — E}, is given by:

dWip
dt

= N;Ajhwig

If the emission of a source with volume AV is isotropic, the radiation power received
by a detector of area A at a distance 7 through the solid angle dQ) = A/r? is:

p, = (W \dL b AV
ik =\ Tgr g = Vil Wik 412

WIDTHS AND
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

In a similar way, the spectral profile of an absorption line can be derived for atoms at rest.
The intensity I of a plane wave passing in the z-direction through an absorbing sample
decreases along the distance dz :

dl = —aldz
The absorption coefficient a;;, [cm™1] for a transition |i) — |k) depends on population

densities N; and N, of the lower and upper level, respectively, and on the optical
absorption cross section g, [cm?] of each absorbing atom:

aix () = o (w) (Ni — %Nk)

k

which reduces to a;,(w) = 0;;,N; when N, < N;. For sufficiently small
intensities I, the induced absorption rate is small compared to the refilling

WIDTHS AND rate of level |i) and the population density N; does not depend on the
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

Integration of the equation then yields Lambert-Beer’s law

[ = [je*@)z | |

The absorption profile a(w) can be obtained from our classical model of a damped
oscillator with charge g under the influence of a driving force gE caused by the incident
wave with amplitude E = Eoeiwt. The corresponding differential equation in 1D:

mi(t) + bx(t) + kx(t) = qEy et

has the solution:

(queiwt

m(w§ — w? + iyw)

x(t) =

WIDTHS AND withy = b/m and w3 = k/m.
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

The forced oscillation of the charge g generates an induced dipole moment:

2 lwt
q“Eoe
t) = t) =
p(t) = qx(t) m(w§ — w? + iyw)

In a sample with N oscillators per unit volume, the macroscopic polarization P, which is
the sum of all dipole moments per unit volume, is therefore:

P = Nqgx(t)

On the other hand, the polarization can be derived in classical electrodynamics
from Maxwell’s equations using the dielectric constant ¢, i.e.:

P=¢(e—1)E

and using Maxwell's equations it is possible to derive the relationship

between refractive index n and relative dielectric constant &:
WIDTHS AND

PROFILES OF _ 1
SPECTRAL V=

C
PROFILES VEEQUUY M



2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

Since ¢ = ,thenn = \/eu

Eollo

Except for ferromagnetic materials, the relative permeability is 4 =~ 1, leading to:

n=e

We combine the latest expressions found:

P Ngx(t Ng*
L (t) = > 1 . Harmonic oscillator
E E m(w§ — w? + iyw)
P
== go(e —1) = g(n? - 1) Maxwell's equation
and get:
WIDTHS AND 2
PROFILES OF n2 =1+ Nq
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

In gaseous media at sufficiently low pressures, the index of refraction is close to unity (for
example, in air at atmospheric pressure, n = 1.00028 for A = 500 nm). In this case, the
approximation:

n“—1=m+1D)n-1)=2(n-1)
leads to:

Ng?

2eom(wf — w? + iyw)

n=1+

In order to make clear the physical implication of this complex index of
refraction, we separate the real and the imaginary parts and write:

n=n"—ik

WIDTHS AND It is therefore necessary to separate the real part and the imaginary part of

PROFILES OF - o :
iy the expression found of the refractive index:
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

We multiply and divide by the complex conjugate of the denominator:

1 Ng? K 1 )(a)g—wz)—iya)]

2eom |\ w§ — w? + iyw ) (0§ — w?) — iyw

- Ng? wi — w? , Yw
= —i
2egm | (w5 — w2)? + y2w? (0§ — w?)? + y2w?
And so:
N 2 0)2 _ (1)2
n=1+ 1 0 5
26om (wg wz) + y202
Ng? w
I q 14
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

An EM wave E = E,e'(¥t=k2) passing in the z-direction through a medium with the
refractive index n has the same frequency w as in vacuum, but a different wave vector
k = kyn . Inserting |k| = 2m/A andn = n' — ik yields

_ i(wt—-nkyz) — i(wt—n"koz+ikgkz
E = Eoe = Eoe

. !/ _M . !/
_ Eoe—korczel(a)t—n koz) — Eje™ 7 piko(ct—n z)

Equation (3.33) shows that the imaginary part k(w) of the complex refractive
index n describes the absorption of the EM wave.

2TTKZ

At a penetration depth of Az = ﬁ, the amplitude Ege = 2 has decreased to

1/e of its initial value.

The real part n’'(w) represents the dispersion of the EM wave, i.e., the
o dependence of the phase velocity v(w) = ¢/n'(w) on the frequency.
PROFILES OF
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

The intensity of the wave will then be equal to:

| = EE* = [ye™2kokz

Comparing it with the Lambert-Beer law, we get:

o _4mc
a = OK_AO

The absorption coefficient a is proportional to the imaginary part k of the refractive
index. Using the Kramers-Kronig relations, one obtains (g = e)
AN e? Yo

a =
2208om (w5 — w?)? + y2w?

_ 2TC
Since: Ay = —
Wy
WIDTHS AND
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

In the neighborhood of a molecular transition frequency wy, where |wy — w| <
Wy, the dispersion relations reduce:

Ne?w, Yo _ Ne*w N‘”O
a =
cegm (wg — w?)? + y2w2 ceOm [(wo — w) wo + w)]? + y
Ne?w, Ywg
~ ~2w
4cegm 2 4¢ me 0
0" wE(wy — w)? + (%) w§ 0 —w)?% +
The same for the real partn' :
o NE ef—e? NG (@y— )@+ )
e 2eom (w2 — w2)2 +y2w?2 2eom [(wg — w)(wg + W) ]? + Y2 w?
14 Nq’ (wo — w)wy — 14 Nq’ (wy — w)
E 2egm [(wg — w)wgl? + y2we? 2egmwg (wg — w)? +y?
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2.1 NATURAL LINEWIDTH

2.1.2 Relation Between Linewidth and Lifetime

Finally, the Kramers-Kronig dispersion relations become:
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‘= 4egme (g — )2 + (%)2 0.5
0
, Ne? Wy — W
n =1 +4 >
T (wo —w)2 + (%) 1

The spectral absorption profile a(w) is Lorentzian with a FWHM equal
to Aw = y, which equals the natural linewidth.



2.2 DOPPLER WIDTH

Generally, the Lorentzian line profile with the natural linewidth cannot be observed

without special techniques, because it is completely concealed by other broadening
effects.

One of the major contributions to the spectral linewidth in gases at low pressures is the

Doppler width, which is due to the thermal motion of the absorbing or emitting
molecules.

Consider an excited molecule with a velocity v = {vx, vy,vz} relative to the rest

frame of the observer. The central frequency of a molecular emission line that is w,
in the coordinate system of the molecule is Doppler shifted to:

W, =wy+k-v

WIDTHS AND for an observer looking toward the emitting molecule (that is, against the
PROFILES OF

I —Y direction of the wave vector k of the emitted radiation.
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2.2 DOPPLER WIDTH

For the observer, the apparent emission frequency w, is increased if the molecule

moves toward the observer (k- v > 0) and decreased if the molecule moves away
(k-v <0).

THE SAME GOES FOR A MOLECULE THAT ABSORBS RADIATION

Similarly, one can see that the absorption frequency w, of a molecule moving with the
velocity v across a plane EM wave E = Eye!®t=k7 s shifted.

The wave frequency w in the rest frame appears in the frame of the moving molecule as:

w =w-—-k-v

The molecule can only absorb if w’coincides with its eigenfrequency wg,. The
absorption frequency w = w, will be:

WIDTHS AND _
PROFILES OF wg=wot+k-v
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2.2 DOPPLER WIDTH

As in the emission case, the absorption frequency w, is
increased for k-v > 0. This happens, for example, if the
molecule moves parallel to the wave propagation.

It is decreased if k-v <0, e.g., when the molecule moves
against the light propagation..

If we choose the z —direction to coincide with the light propagation, with k =
{0,0,k,}and |k| = %, then w, = wy + k- v becomes:

wa:wo(l +%)

At thermal equilibrium, the molecules of a gas follow a Maxwellian velocity
distribution. At the temperature T, the number of molecules n;(z)dv, per

unit volume than in the energy level E; have a velocity component between
WIDTHS AND

SeEl R o v, and v, + dv, is:
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2.2 DOPPLER WIDTH

2

N. —(Yz
n;(z)dv, = ” \;ﬁe (”P) dv,

p

: : ,21{7‘ :
where N; = [ n;(z)dv, s the density of all molecules in level E;, Up = s the most

probable velocity, m is the mass of the molecule and K is Boltzmann's constant.

Using the relationship w, = w, (1 + %), the differential dv, can be expressed as

dv, = ~ do.

Substituting in the above expression, we obtain the number of molecules
with absorption frequencies shifted from w into the interval [w, w + dw]:

c _[c(w—a)o) 2
WIDTHS AND . — M. WoV
PROFILES OF nl(a))da) - Nl Onl) \/Ee P dw
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2.2 DOPPLER WIDTH

Since the emitted or absorbed radiant power P(w)dw
is proportional to density n;(w)dw f molecules
emitting or absorbing in the interval dw, the intensity
profile of a Doppler-broadened spectral line becomes:

c(w—wqp) 2

I(w) = Ioe_[ @oVp

This is a Gaussian profile. Calculate the FWHM. Being I, the maximum power value at
w = wy, the frequency w* at which corresponds an intensity equal to 1, /2 is:

I _[C(Cl)*—a)o) 2
30 — Ioe @oVp

After a few mathematical steps you get:

WIDTHS AND on
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2.2 DOPPLER WIDTH

Then the FWHM of the profile will be:

WoV
owp = 2VIn2 Oc P

Since for a Maxwell distribution, the most probable velocity v, is given by:

2KT
Il
the FWHM of the profile becomes:
wo\ [8KTIn?2
dwp = ( C ) m

known as Doppler width.
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The Doppler width is much larger than the natural linewidth .




2.2 DOPPLER WIDTH

More detailed consideration shows that a Doppler-broadened spectral line cannot be
strictly represented by a pure Gaussian profile as has been assumed in the foregoing
discussion, since not all molecules with a definite velocity component v, emit or absorb

radiation at the same frequency w, = ' (1 + %)

Because of the finite lifetimes of the molecular energy levels, the frequency response of
these molecules is represented by a Lorentzian profile:

1 Y

Llw—w') = o (0o + (%)2

with a central frequency w'.

z >
- 1 i
b I=AN (V) dV
y

PROFILES OF , NS
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2.2 DOPPLER WIDTH

Let n(w')dw’ = n(v,)dv, be the number of molecules per unit volume with velocity
components within the interval [v,, v, + dv,].

The spectral intensity distribution I(w) of the total absorption or emission of all molecules
at the transition E; — E}, is then:

I(w) =1, Jn(w’)L(a) —w)dw'

Substituting expressions for n(w")dw’and L(w — w"),

we obtain:
_[c(a)—wo) 2
0.0) e O)ovp
[(w) = Cj 2
e+ ()
with:

WIDTHS AND C = YN;c
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2.2 DOPPLER WIDTH

This intensity profile, which is a convolution of Lorentzian and Gaussian profiles, is called a
Voigt profile. Voigt profiles play an important role in the spectroscopy of stellar
atmospheres, where accurate measurements of line wings allow the contributions of
Doppler broadening and natural linewidth or collisional line broadening to be separated.

From such measurements the temperature and pressure of the emitting or absorbing layers
in the stellar atmospheres may be deduced.

I(w) = cjo e (%)2

1o () 0 Vzi
f v,
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2.3 COLLISIONAL BROADENING

When an atom A with energy levels E; and E; approaches another atom or molecule B,
the energy levels of A are shifted because of the interaction between A and B.

This shift depends on the electron configurations of A and B and on the distance R(A4, B),

between both collision partners, which we define as the distance between the centers of
mass of A and B.

The energy shifts AE are, in general, different for the levels E; and Ej, and may be
positive as well as negative. The energy shift AE is positive if the interaction between A
and B is repulsive, and negative if it is attractive.

When plotting the energy E(R) for the two energy levels E; and E}, as a function of the
interatomic distance R, you then get the typical trend in the following Figure.

fe— R—»
AE (A) ® o
A B

(b)
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2.3 COLLISIONAL BROADENING

ey

o) o
Rn)

This mutual interaction of both partners at distances R < R is called a collision
and radius R is the collision radius.

If no internal energy of the collision partners is transferred during the
collision by nonradiative transitions, the collision is termed elastic.

Without additional stabilizing mechanisms (recombination), the
WIDTHS AND ) . . . . R .
PROFILES OF partners will separate again after the collision time 7. =~ which
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2.3 COLLISIONAL BROADENING

2.3.1 Phenomenological description

If atom A undergoes a radiative transition between levels E; and Ej during the collision
time, the frequency :

_ E;(R) — Ex(R)

h

of absorbed or emitted radiation depends on the distance R(t) at the time of the
transition.

Wik

We assume that the radiative transition takes place in a time interval that is short
compared to the collision time, so that the distance R does not change during the

transition. In the previous Figure, this assumption leads to vertical radiative
transitions.

In a gas mixture of atoms A and B, the mutual distance R(A4, B) shows

random fluctuations with a distribution around a mean value R that
depends on pressure and temperature.

The fluorescence vyields a corresponding frequency distribution
WIDTHS AND

PROEILES OF around a most probable value w;; (R;;,) which may be shifted against
SPECTRAL

the frequency w, of the unperturbed atom A.
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2.3 COLLISIONAL BROADENING

2.3.1 Phenomenological description

The shift Aw = wy — w;, depends on how differently the two energy levels E; and E}, are
shifted at a distanceR,,, (A4, B) where the emission probability has a maximum.

The intensity profile I(w) of the collision-broadened and shifted emission line can be
obtained from:

1) % [ A (RPet(RER) = E(R)) dR

where A;; (R) is the spontaneous transition probability, which depends on R
because the electronic wave functions of the collision pair (AB) depend on R,

and P.,;(R) is the probability per unit time that the distance between A and B
lies in the range from R to R + dR.

It follows that the intensity profile of the collision-broadened line reflects
the difference of the potential curves:

WIDTHS AND

PROFILES OF EL(R) — Ek(R) — V[A(El); B] — V[A(Ek)l B]
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2.3 COLLISIONAL BROADENING

2.3.1 Phenomenological description

* Let V(R) be the interaction potential between the ground-state atom A and its collision
partner B.

* The probability that B has a distance between R e R + dR will be proportional to
V(R)
4tR?*dR and at thermal equilibrium to the Boltzmann factor e &T .

* The number N(R) f collision partners B with distance R from A is therefore:

_VR)
N(R)dR = Ny4mR%e KT dR

where N, is the average density of atoms B.

Because the intensity of an absorption line is proportional to the density of
absorbing atoms while they are forming collision pairs, the intensity profile of
the absorption line can be written as:

WIDTHS AND _V(R)
PROFILES OF I(w)dw < R?e™ KT dw
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2.3 COLLISIONAL BROADENING

2.3.1 Phenomenological description

We rewrite the differential dw from:

hwi (R) = E;(R) — Ex(R) = Vi(R) = Vi (R)

Differentiating from R :

dwy  d(V;(R) = Vx(R))
TR dR = 77 dR

from which substituting in the previous relation: ’

h

VR) d
I(w)dw o< R?e™ KT —[V (R) — Vi, (R)]dR

Typically, several models of spherical potential are substituted for V' (R), such as
the Lennard-Jones potential:

V(R a b

WIDTHS AND (R) = R12  pé6
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2.3 COLLISIONAL BROADENING

2.3.2 Inelastic collisions

Besides elastic collisions, inelastic collisions may also occur in which the excitation energy
E; of atom A is either partly or completely transferred into internal energy of the collision
partner B, or into translational energy of both partners.

Such inelastic collisions are often called quenching collisions because they decrease the
number of excited atoms in level E; and therefore quench the fluorescence intensity.

The total transition probability A; for the depopulation of level E; is a sum of radiative
and collision-induced probabilities:

Ai :Airad _I_Aicoll

AiCOll = NBO-Bﬁ

WIDTHS AND
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SPECTRAL as seen in CHAPTER 1
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2.3 COLLISIONAL BROADENING

2.3.2 Inelastic collisions

Inserting the relations at the thermal equilibrium:

~ |skT
b= |—
U

with u = I\ZA':\Z’?B and pg = NgKT

between the mean relative velocity v, the pressure pg and the gas temperature T, we have
that the total transition probability becomes:

1
Aj=—+
l Tsp apB

2
TUKT

con a = 20p

It is evident that the transition probability is pressure-dependent.

WIDTHS AND In the paragraph 2.1.2 Relation Between Linewidth and Lifetime we have
PROFILES OF

shown that the natural linewidth 6w, coincides with the transition
SPECTRAL .
PROFILES probability A4;.



2.3 COLLISIONAL BROADENING

2.3.2 Inelastic collisions

It follows that this pressure-dependent transition probability causes a corresponding
pressure-dependent linewidth dw, which can be described by a sum of two damping terms:

dw = 0wy + 8weoyy = Vn+ Yeouu = ¥n + app

The collision-induced additional line broadening apgp is therefore often called
pressure broadening.

Considering the expression of the line profile previously obtained, it follows that the
inelastic collisions contribute to broad the line profile witha FWHM y = V¥,, + Ycour:

C

(w — (UO)Z + (Vn +2Vcoll)2

I{w—wy) =

WIDTHS AND
PROFILES OF

SPECTRAL
PROFILES



2.3 COLLISIONAL BROADENING

2.3.2 Inelastic collisions

The discussion showed how both elastic and inelastic collisions cause a spectral
broadening of the line profile.

Elastic collisions also cause a peak shift that depends on potential curves E;(R) and
Ex(R).
Ultimately, we can write the line profile as:

I, %+ Ngogv

2T

I(w— wy) =

2
(w — wg — Ngo,v)? + (% + NBO'B17)

AW

where the shift Ngo 7 and the broadening — ae=Nve, K™ . so=2NVo,

Ngogvof the line profile are determined by |

the number density Ny of collisional partner B e kY

and by the collision cross sections o, for the Y

line shift, and g for broadening wo N~

This Lorentzian profile that takes into account the phenomena of collision

WIDTHS AND , , , ,
PROFILES OF must be used for the convolution with the Gaussian profile due to

ﬁ;g%TLREASL Doppler broadening to derive the Voigt profile of the absorption line.



2.3 SATURATION AND POWER
BROADENING

At sufficiently large laser intensities, the optical pumping rate on an absorbing
transition becomes larger than the relaxation rates.

This results in a noticeable decrease of the population in the absorbing levels. This
saturation of the population densities also causes additional line broadening.

The effect of optical pumping on the saturation of population densities is illustrated by
a two-level system with population densities N; and N,.

The two levels are coupled to each other by absorption or emission and by relaxation
processes, but have no transitions to other levels.

No —
| 2 2z
o (a1 o QT-_'_
WIDTHS AND
PROFILES OF
SPECTRAL N Y
PROFILES 1




2.3 SATURATION AND POWER
BROADENING

With the probability P = B;,p(w) for a transition |1) — |2) by absorption of photons Aw
and the relaxation probability R; for level |i), the rate equation for the level population is:

Ny —

(ilVi (ilVé Z| z
W:_W:_PNl_RlNl-I_PNZ-I_RZNZ oo

RoNy
RN

Y
N1

where we have assumed nondegenerate levels with statistical weight factors g; = g, = 1.

: ... dN; L
Under stationary conditions dt‘ = 0, we obtain with N; + N, = N:

(P+Ry)N; = (P+Ry))N—Np)
(P +Ry)N, = (P + RN — N)

leading to:

N N P + R, N N P+ R,
WIDTHS AND - =

o G Y7 2P+ R, +R, > "2P+R,+R,
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2.3 SATURATION AND POWER
BROADENING

When the pump rate P becomes much larger
than the relaxation rates R; (P >» R{,R,),

the population Ny = N, = %and so N; = N,.
This means that the absorption coefficient @ = d(N; — N,) = 0.

The medium becomes completely transparent..

Without a radiation field (P = 0), the population densities at thermal equilibrium
according are (using previous expressions):

N, =N R, Noo = N Ry
10" R +R, 207" R, +R,
With the abbreviations
AN = N, — N, = N2 _fa
St 2T 2P+ R+ R,
WIDTHS AND
R, — R
PROFILES OF 2 1
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2.3 SATURATION AND POWER
BROADENING

Dividing both members of AN with R; + R, we obtain:

AN,

2P
Ry +R,

AN =
1+

We introduce the saturation parameter:

2P P Bip(w)
S=——— === ——
Ri+R; R R

R;

—  R{+R, . :
where R = 17 is the average relaxation rate.

Then the saturation parameter is the ratio between pumping rate and the average
relaxation rate of the two levels.

_ AN,
14

and the saturated absorption coefficient a(w) = 0;,AN becomes:

Then, AN can be rewritten as: AN

(04))

WIDTHS AND a =
PROFILES OF 1+S

SPECTRAL . . - : :
PROEILES where g is the unsaturated absorption coefficient without pumping.



2.3 SATURATION AND POWER
BROADENING

The power absorbed per unit volume on the transition |1) — |2) by atoms with the

population densities Njand N, in a radiation field with a broad spectral profile and
spectral energy density p(w) will be:

Wi
dt
- _ ANo :
Replacing AN = o You get:
dWi, AN,
= hwB
dt wB;p(w) 1+ S

With § = Bl%(w), from which Bj,p(w) = SR, you get:

adw. — AN,
WIDTHS AND 12 — hwR 0

PROFILES OF dt 1+ 1
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2.3 SATURATION AND POWER
BROADENING

Since the absorption profile a(w) of a homogeneously broadened line is Lorentzian, the
induced absorption probability of a monochromatic wave with frequency w follows a
Lorentzian line profile By,p(w)L(w — wy).

We can therefore introduce a frequency-dependent spectral saturation parameter S, for
the transition E; — E5:

_ B12£((U) I

Sw -

(w — wy)

We can assume that the mean relaxation rate R is independent of @ within the
frequency range of the line profile. With the definition of the Lorentzian profile
L(w — wy), we obtain for the spectral saturation parameter S:

&)

(0 — wo)* + (%)2

Sw:SO

WIDTHS AND

PROFILES OF
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2.3 SATURATION AND POWER
BROADENING

Substituting this expression in Wiz — ha)_ﬁ—i’i:
S
_ 2
dle B h(,()RAN()SO (7) B C

at (w — wp)? + (%)2 (1 +So) ) (@ = wo)? + (%)2

This a Lorentzian profile with the increased halfwidth:

Ys =V 1+ 5

The halfwidth y, of the saturation-broadened line increases with the
saturation parameter S, at the line center w,. If the induced transition

rate at wy equals the total relaxation rate R, the saturation parameter

So = Bl%fwo) becomes equal to 1, which increases the linewidth by a

WIDTHS AND

factor V2 compared to the unsaturated linewidth for weak radiation
PROFILES OF

SPECTRAL fields.
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2.3 SATURATION AND POWER
BROADENING

Since the power n absorbed per unit volume equals the intensity decrease per

centimeter

dl = —agl

of an incident wave with intensity I, we can derive the expression for the absorption
coefficient:

2 (@) )

= ay(wy)
TS e+ (B)

as (w) =

where the unsaturated absorption profile is:

2
WIDTHS AND (w— wy)? + (%)
PROFILES OF
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2.3 SATURATION AND POWER
BROADENING

This shows that the saturation decreases the absorption coefficient a(w) by a factor of
1+S,.

At the line center, this factor has its maximum value 1 + S,, while it decreases for

increasing (w — wg): The saturation is therefore strongest at the line center, and
approaches zero for(w — wy) — 0.

This is the reason why the line broadens.

}a(w)

WIDTHS AND
PROFILES OF
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EXERCISE 1

4 EXERCISE 1 )

Determine the natural linewidth, the Doppler width, pressure broadening and shifts
for the neon transition 3s, = 2p, a A = 632.8 nm in a HeNe discharge at py, =
2 mbar, pye. = 0.2 mbar at a gas temperature of 400 K. The relevant data
are: 7(3s,) =58 ns, t(2p,) = 18ns, og(Ne — He) = 6-10"1*cm? e oz(Ne —

\Ne) =1-10"13cm?. /

Considering the lifetimes of the two levels 3s, e 2p,, the natural linewidth is:

s _ZiAi_lzl_l 1,1
T Tn T o 1, 2m\1(3sy) 1(2p4)

l

1
= - (1.72-107s™ + 156 107s™) = 1.16 - 1075~ = 11.6 MHz

WIDTHS AND
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EXERCISE 1

The Doppler width is given by:

This expression can be rewritten in a more convenient way in terms of the Avogadro
number N, (number of molecules per mole). The mass of a mole is M = N,m and the gas
constant is R = N,k. Using these relations, the Doppler width becomes:

5(1)D _ ((120) ’ZRI'I\;IITIZ

J

mol - K

Being: R =8.31

you get:

WIDTHS AND T
PROFILES OF . _7 L
SPECTRAL dvp =7.16-107"v, M
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EXERCISE 1

T
Svp = 7.16 - 10‘7v0\/;

C
Vg =~ = 4.74 - 10*Hz

M=MNe=20u

In our case:

with u = 1.66 - 10727 kg unified atomic mass unit

Substituting the values:

400 K
Svp =7.16-1077-4.74 - 10*Hz 20

= 1.52 GHz

WIDTHS AND
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EXERCISE 1

For broadening due to collisions, let us consider two contributions:

1. Collisions with He atoms

SVUp e = %nHeaB (Ne — He)v

At py. = 2 mbar and T = 400 K, using the ideal gas law:

200 Pa
Nye = ka = 7 =3.6-10%cm™3
1.38 - 10723 ’é 400 K
Let’s determine the mean velocity. Being Ut = MrieMne = 3.3u
. MNe + MNe

WIDTHS AND TU
PROFILES OF
SPECTRAL

sKT |8-1.38- 10—23%400 K 5
1) — —_— - 159 g 10
K 3.14-3.3-1,66- 1027 kg cm/s
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EXERCISE 1

Then the line broadening due to collisions with He atoms:

. 3.6-10"%cm™3-6-10"cm? - 1.59 - 10°cm/s
OUp e = ﬁnHeaB(Ne — He)v = > 314 = 55 MHz

2. Collisions with Ne atoms
ov = —nnyv.0p(Ne — Ne)v
P Ne T Ne B( )

At pye = 0.2 mbar and T = 400 K, using the ideal gas law:

Nye = ka = 20 P;l =3.6-10cm™3
1.38- 107234 - 400 K

MNeMNe
Mpye+Mpye

o  fexr 8-1.38-10-23%40%_92 o
S i VT T T314-10-166-1027kg cm/s

The mean velocity: (u = = %MNe = 10u)




EXERCISE 1

Then the line broadening due to collisions with Ne atoms:

_ 3.6-10%cm™3-1-10"13¢m?-9.2-10%cm/s
OUp Ne = ﬁnNeaB(Ne — Ne)v = > 314 =5 MHz

The total contribution to the line broadening due to collisions will be:

5Up = 6UP,H€ + 6UP,N€ = 55 MHz + 5MHz = 60 MHz

In summary, the different contributions to the line broadening of the transition will be:

Natural linewidth 11.6 MHz
Doppler width 1.52 GHz
Collisional broadening 60 MHz
WIDTHS AND
PROFILES OF Even though gas is at very low pressures (< 0.2% of atmospheric
SPECTRAL
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EXERCISE 2
/ EXERCISE 2 \

The output from a CO, laser with 50 W at A = 10 um is focussed into a sample of
SF, molecules at the pressure p = 1 mbar and T = 300 K. The laser beam waist in
the focal plane is 0.5 mm. Being the broadening cross section gz = 5 - 10~ cm?
and the absorption cross section g, = 10™1* ¢m?, determine which is the dominant
broadening mechanism for the absorption line.

\_ J

Let’s neglect the natural linewidth. The pressure broadening will be:

1
OV, = —NcpeOnl

At psrg = 1 mbar and T = 300 K, using the ideal gas law:

WIDTHS AND D 100 Pa

PROFILES OF Ngre = = =24-10?m™3
SPECTRAL
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EXERCISE 2

The average velocity will be (Mgpg = 146u)

o SKT B 8-1.38- 10‘23%- 400 K — 209m/s
Mg 3.14 - 146 - 1,66 - 10727 kg
So, the collisional broadening will be:
S0, = ins%aBﬁ _ 24 10%2m=3-.5-10"¥m? - 209 m/s
21 2-3.14

=4 MHz

The saturation broadening v, caused by the absorption of laser light, in terms of

the saturation parameter S, is:

dvg = 6v,V1+ S

average relaxation rate .

The pumping rate P can be expressed as:
WIDTHS AND

PROFILES OF lo
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The saturation parameter is defined as the ratio of the pumping rate to the



EXERCISE 2

where the intensity of the light can be expressed as the ratio between the power and the
irradiated surface A4; the latter is the area of the focused laser spot A = nr? :

P, 50 W w
=6.4-103—

I pr— —_—
nr?  3.14-0.52 .10~ 2¢cm? cm?

Neglecting the natural linewidth, the average relaxation rate is:

y = 2mdvp
and then the saturation parameter can be expressed as:

P lo lo, A
S=— a a

y N 2dvUp hv N 2mévp he

6.4 - 103 ﬂz 107 ¢m?-10-107*cm
= T = 128
6.28-4-10°Hz - 6.63 - 10734Js -3 - 101%m/s
The saturation broadening will be:
WIDTHS AND _ _ _
et o vy = 0v,V1+ S5 =4MHzVv129 = 44 MHz
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EXERCISE 2

Finally, the Doppler width is:

c T 3.1010="

=7.16-1077 S Y 308 MHz
A | Mgpe 10-10~%cm 146 =

Svp = 7.16 - 1077

In summary, the different contributions to the line broadening of the transition will be:

Collisional broadening 4 MHz
Doppler width 30.8 MHz
Saturation broadening 44 MHz

Saturation broadening is the dominant mechanism.
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