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6.1 INTRODUCTION

In this Chapter, we introduce low-dimensional structures, where the electron motion is
confined in one or more spatial directions.

When the motion is confined in one direction, we refer to
heterostructures.

When the motion is confined in two directions, we refer to
nanowires.

When the motion is confined in all three directions, we @ |
refer to quantum dots. R

These systems are collectively known as low-dimensional quantum structures.

In Chapter 3, we already discussed heterostructures, where the electron
motion is confined in one direction but remains free in the plane.

Here, we will revisit these two-dimensional systems and introduce one
of the most studied 2D structures in recent years, where confinement in
one dimension naturally arises from considering a single atomic layer,

LOW
DIMENSIONALITY namely graphene.
SYSTEMS
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5.2 GRAPHENE

5.2.1 Crystal Structure

The carbon atom has the electronic
configuration 1s%, 2s%e 2p?, so it has 4
valence electrons. 2p

3 spz orbitals + 1p8

— oo |

hybridize

—_—

— | OO
— |0

After the promotion of one electron from the 25|}

2s orbital to the 2p orbital, there are four O

HENE
¥y 9y

3 orbitals formed

unpaired electrons available for bonding. 3 orbitals mixed

The electron in the shell 2s and two electrons in the shell 2p form 3 sp? hybrid orbitals.

These three orbitals lie in the same plane, separated by 120°, forming a trigonal planar

geometry and giving rise to o-bonds in the plane.

The remaining 2p orbital, which does not
participate in hybridization, is oriented
perpendicular to the plane (the p,orbital).

This orbital overlaps with neighboring
p, orbitals, forming a m-bond that
extends out of the plane.

LOW
DIMENSIONALITY
SYSTEMS
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5.2 GRAPHENE

5.2.1 Crystal Structure

In the molecular orbital framework, based on the linear combination of atomic orbitals
(LCAO), atomic orbitals combine to form molecular orbitals, which can be either bonding

or antibonding. A

A
In the case of m bonds, the bonding molecular 35&
orbitals are denoted as m, while the antibonding antibonding 7* molecular orbitl
ones are denoted as 1t*. - ™
The bonding m orbital has a lower energy and aﬁ‘ 4
symmetric electron density distribution between the | sz Fataisn
atoms, whereas the antibonding n* orbital has higher | =X
energy and features a nodal plane between the atoms i o

The same considerations apply to 6 bonds.

o bonds are responsible for the structural stability of graphene, while m bonds
determine its electronic properties.

o In particular, the following discussion will focus on the band structure

DIMENSIONALITY of graphene, which originates from the overlap of it orbitals.
SYSTEMS
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5.2 GRAPHENE

5.2.1 Crystal Structure

The structural properties of graphene are determined by sp? hybrid bonds arranged in a
plane, with 120° angles between them, giving rise to a hexagonal honeycomb lattice.

To describe this structure, we introduce the concept of
the primitive cell.

Although all carbon atoms are identical, we /
distinguish between two sublattices, labeled

A (blue) and B (yellow), so that each atom
forms three bonds with atoms of the X

/
\
/
opposite color. / 0\
/
\
/

A pair of atoms, one from sublattice A —
and one from sublattice B, defines the /
basis of the primitive cell. A B8

The primitive cell can then be\
constructed by considering, for
each basis atom, an equilateral \

LOW triangle formed with its nearest

DIMENSIONALITY neighbors,
SYSTEMS
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5.2 GRAPHENE

5.2.1 Crystal Structure

The honeycomb structure is not a Bravais lattice. Instead, it can be described as a
triangular Bravais lattice with a basis of two carbon atoms, labeled Aand B. —

The primitive lattice vectors are denoted as a; and a,, and they
have the same magnitude.

Their length can be derived geometrically. Ifa, is the
distance between nearest-neighbor carbon atoms, then: X

la | = 2agsen60° = 29— = ayV3 = |ay| pog

Each lattice point corresponds to two atoms, labeled A and B.

The position of an atom in sublattice A can be written as: —

—

Ra = n1a1 - nzaz

Atoms in sublattice B are obtained by adding a . B'
displacement vector to the A sites:

Low R, =R, + Ar =

DIMENSIONALITY
SYSTEMS d
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5.2 GRAPHENE

5.2.1 Crystal Structure

To simplify the description, we choose a Cartesian coordinate system
such that the x-axis is aligned with a;. With this choice, the y-axis
points toward the neighboring B atom.

By expressing the primitive lattice vectors a; and a, in the
Cartesian reference system, we obtain:

_ _ V3 3
a; = \/§a0ux a, = 7a0ux + anuy

—_—
We can also express the displacement vector Ar in

Ar = 7a0ﬁ; +§a0ﬁ;,

By combining these expressions, we find a simple

component form:

relation between Ar and the primitive vectors:

— 1
LOW Ar :§(a_1’+a_2’)

DIMENSIONALITY
SYSTEMS
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5.2 GRAPHENE

5.2.2 Brillouin Zone
The reciprocal lattice is defined by introducing vectors Aj and /Tz, such that: .
Ei) . Z]) = 27T5ij

which implies:

;- Al =0 @Ay = 2m

From these conditions, it follows that the reciprocal vectors are

oriented such that A_l) forms a 30° angle with a;, and /Tz forms a
30° angle with a,.

If we rotate the reciprocal lattice vectors A_l> and A_z) by 30°, they point toward
equivalent A sites.

Therefore, the reciprocal lattice preserves the triangular Bravais structure
LOW of the direct lattice and is rotated by 30° with respect to it.

DIMENSIONALITY
SYSTEMS


http://www.presentationgo.com/

5.2 GRAPHENE

5.2.2 Brillouin Zone

We can now construct the Brillouin zone of graphene, recalling that it is the Wigner-Seitz
cell of the reciprocal lattice.

1. Start from a lattice point
2. Connect it to its nearest neighbors '

3. Draw the perpendicular bisectors

4. The enclosed region is the Wigner—Seitz cell

The center of the Brillouin zone is '
the I point, corresponding to zero
wavevector.

The high-symmetry directions are:

b ® .

I' — K;, where the K; points are A—1)

the vertices of the hexagon, . %

known as Dirac points.
LOW

DIMENSIONALITY I' — M;, where the M; points lie at the midpoints of the edges
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

To understand the basic electronic behavior of graphene, it is necessary to describe the
behavior of its t electrons.

In the tight-binding model, each nt electron is assumed to be tightly bound to its parent
carbon atom, with only limited interaction with the potentials of neighboring atoms.

Let y(7) be the wave function of the 2p, atomic orbital of

an isolated carbon atom. We denote by y (7 — ﬁ) the
corresponding wave function for a carbon atom located at

the lattice site l_f, where 7 is measured with respect to the
origin of the coordinate system.

Since there are two atoms in each unit
cell (at sites A and B), the m electronic /
wave function can be described using a
two-dimensional basis. Each basis \
function is constructed from the atomic

wave function y (7 — I_?)i), with i = A or

LOW
DIMENSIONALITY B, corresponding to the two sublattices.

SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

Translational symmetry, as expressed by Bloch's theorem, together with the
normalization of these basis functions in the tight-binding framework for graphene, leads
to two basis wave functions that must satisfy Bloch's theorem:

_i ik-Rg | D oikRy
|¢1>—er R |p,) = FE K5 |R;)

The eigenstates can be written as:

[Y) = a|¢q) + Bld2)

and must satisfy the Schrodinger equation:
Hlp) = E|y)

where H is the Hamiltonian of graphene and E is the single-electron energy.

If we now take the inner product of the Schroédinger equation with the basis
functions | ¢,) and | ¢,), we obtain:
LOW

DIMENSIONALITY (¢1|ﬁ|¢> = E(¢1|¢) <¢2|ﬁ|¢> = E(¢2|1/J>

SYSTEMS


http://www.presentationgo.com/

5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

Substituting:

a (p1|H|p1) + B{P1|H|b2) = aE{b1|p1) + BE(D1]d2)
a (p2|H|p1) + B(D2|HId2) = aE{p2|d1) + BE(D2|h2)

which can be written in matrix form as:

Hy; Hylr Si1 Si]1c Hij = (¢:|H|$;)

Hll H12] [,3] —F [Sll 512] [,B] where withi,j = 1,2
21 22 21 922 Sij = <¢i|¢j)

Even though there are two distinct lattice sites, each carbon atom is

identical to its neighbors. The energy of an electron in the 2p, orbital of an

isolated carbon atom is:

lf)?n\/?éNsmNAUTY EZpZ — <¢1|ﬁ|¢1> = <¢2|ﬁ|¢2) = Hy; = Hy,

SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

The off-diagonal elements are related by the Hamiltonian H
which must be Hermitian, therefore:
Hy, = Hy,
These elements correspond to the energy required for a m electron to “jump” from one

lattice site to another (hopping energy).

If only nearest-neighbor hopping is considered, these off-diagonal elements take on a
relatively simple form.

Let us choose a lattice site A as the origin, i.e., féa = 0.

We then consider the three nearest-neighbor
lattice sites B to site A.

These are identified by the three vectors:
R, = Ar

R, = Ar — a4

o R, =M -
DIMENSIONALITY 3 = 4Ar —a;
SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

We now calculate the off-diagonal matrix element, whose general expression is given by:

—~ 1 o [y
Hip = <¢1|H|¢2> = \/_NZ etRa(R,|H | <\/—Z iK-Rp |R >>

If we restrict the summations to only the nearest neighbors of the lattice site A placed
at the origin, we have R, = 0 and e'*'Ra = 1 while b = 1,2,3.

1 PN o 2= e B
Hy, = \/—N((O|H|R1)e”"R1 + (0|H|R,)e™ Rz 4 (0|H|R3)e‘k'R3) R; 2

Assuming that:

(0|H|R;) = (0|H|R;) =(0|H|R3) = —

we obtain:

1 ;e
LOW Hi,=——t (e‘k'Rl + etkRz 4 e‘k'R3)
DIMENSIONALITY N

SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

This quantity t is called the hopping integral and represents the energy associated with

electrons hopping between atoms. It is typically determined experimentally and is
approximately t = 2.75 eV.

For the overlap integal matrix,

511 512]
521 522

its elements are determined in a similar way.

The overlap integral can be interpreted as a
measure of the mutual similarity of the wave
functions of two basis states:

S11 = S22 = <¢1|¢1> = (P2]P2) =1

LOW while, for the off-diagonal elements, the same steps and assumptions

DIMENSIONALITY used for Hq, are applied.
SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

1 — — —
Therefore:  S;, = NS (e‘k'Rl + etkRz 4 e‘k'R3)

with: (0IR;) = (0[R;) = (0IR3) = 5

The quantity s is also determined experimentally and is approximately s = 0.13.

Since t > s, to simplify the calculations we can

assume s = Oand in this way the secular Schrodinger
equation becomes:

E H
|16 =# 1 ST

Let us impose that the determinant of the coefficient matrix is zero:

VA
o et R 4 iRRG 4 iR =0
LOW .y —lK"RKq —lK*Ry —LlK" 3) _
DIMENSIONALITY t (e te te Esz E

SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

Expanding the determinant:
0= E22pz L E2 2E,, E — $2 (eik-R1 4 plkRs 4 eik-R3) (e—ik-R1 4 e—ikRs 4 e—ik-Rg)

We now expand the product using the expressions for R_{, R_z> and R_3>
We note that terms with the same index satisfy:

while for different indices:

eiE'R_lje_ﬁé.R_j) = elﬁ(ﬁl)_R_])) = ei%'(ai—l_aj—l)

Thus, A7 cancels out in all terms, and we obtain:

0 = E3,, + E* — 2E,, E —t? (3 +etleds gtz 4 gthedn
LOW T — L — T — T — L —

DIMENSIONALITY + gik-az—ik-ai y p—ik-az 4 elk-al—zk-az)

SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

Using the expressions in Cartesian coodinates:

/3 3
' —aokyx+isagk
0 =E3), + E? — 2E5p E — t* (3 + elV3aoks 4 o177 Bokxtizaoky
/3 .3 E] 3 3 .3
+e—i\/§a0kx + e_lTaokx'HzaOky + e—lTaokx—lanky +317a0kx_l§a0ky

The factor in round brackets in the characteristic equation can be expressed as:
3 V3 3 V3 3 V3

V3 . . . .
3 + elVBaoky 4 g=iVaasks | gl Bokxtizloky 4 oI5 dokxtizaoky | o1

. . /3 E] 3 3
= 3 + eiV3aokx 4 g=iV3agks 4 (elTaka + e P2 %0kx ) (gigtoky | ,—igacky)

. . .3

This is a second-degree equation whose solution is:

V3 3
ow E=E; £t |3+ Zcos(\/gaokx) + 4cos (7 aokx> cos (E aoky>
DIMENSIONALITY

SYSTEMS
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

It is common to set this reference energy to approximately zero, where the “+” solution

o on

corresponds to the antibonding state and the solution to the bonding state.

-
First Brillouin Zone | SN_ -~ ——

Brillouin 4

Zone ~ e

Referring to the Figure, note that these two energies are degenerate only

LOW
DIMENSIONALITY at specific points corresponding to the minimum energy.
SYSTEMS



http://www.presentationgo.com/

5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method

L

Near the low-energy points (Dirac points), it can be shown that the energy bands can
be approximated by conical dispersions for both states. K b)

It can be shown that the dispersion relation in
the low energy limit can be approximated by: T

Conduction Band

3 3
E - Ezpz + ant\/Ak% + Ak)%: Ezpz i iaotlAkl

Valence Band

For this reason, graphene is a zero-
band-gap semiconductor.

Knowing the energy dispersion provides a direct relationship with the

frequency and the group velocity, defined as:

V=—=—-—7=—70apt
DIMENSIONALITY 0
SYSTEMS dk h dk 2h
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5.2 GRAPHENE

5.2.3 Energy Bands - Tight Binding Method
Substituting ag = 1.42 X 1071 mand t = 2.75eV =~ 4.4 x 10719 J:

3
=2 gt = 1.42 X 10~19) (4.4 x 10~19) ~ 1.0 x 10°
V=35 % = 31055 x 1054 ¢ ) ) m/s
1
"¥300°¢

where c is the speed of light. This value is of the same order of magnitude as in metals.

We can rewrite the dispersion relation as:
E - Ezpz i thk

The Fermi energy will be:  Ep = vhkpg

A linear dispersion also leads to a linear density of states.
The volume of states in momentum space is:

Vk = 7Tk2

LOW so that the volume of a shell between k and k + dk is:

DIMENSIONALITY
SYSTEMS dVy = 2rkdk
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5.2 GRAPHENE

5.2.4 Density of states

The volume associated with a single state in k-space is:

A7r?

Vo
Then, the number of single-electron states is given by the ratio between the total
volume in the region between k and k + dk and the volume of a single state:

2mkdk  2Vokdk
4m2V;Y T om

where the factor 4 accounts for both spin and valley degeneracy.

In terms of energy: d_k _ i
dE vh

2V,  dk 2VoE
The number of states will be: (N = —k—dE = dE
m dE mh2v?2

Therefore, the density of states per unit energy and volume is:

Toum " VodE mv2h?
sl AL  Thus, the density of states increases linearly with energy.

SYSTEMS
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5.3 QUANTUM WIRE

5.3.1 Energy bands

Quantum wire structures confine the motion of electrons in the conduction band in two
dimensions (x and y), while they remain free to move along the z direction.

Exactly as we did for 2D structures—where we first considered a heterostructure with
alternating semiconductors in a plane and then a graphene sheet—here we will follow the
same approach: we will first consider a quantum wire grown on a substrate, modeled as a
rectangular rod, and then an ideal quantum wire.

A convenient way to treat a quantum wire mathematically is to start from the results
obtained for a quantum well, where confinement in the x direction has already been
considered, and then introduce confinement in the second direction (y).

This is not the only way to model a quantum
wire, and it does not provide fully general
expressions for wave functions and energies, but
it is useful for gaining physical insight.

The simplest geometry we can consider
is a rectangular bar surrounded by
infinite potential barriers.

LOW
DIMENSIONALITY
SYSTEMS
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5.3 QUANTUM WIRE

5.3.1 Energy bands

Inside the quantum wire, the potential is zero, while

outside it is infinite.
Therefore, the wave function outside the quantum wire can
be assumed to be zero.

The total wave function can be written as the product of
two components:

Y(x,y,z) =¥,(2)¥(xy)

Only the wave function along the z direction can be expressed as a plane wave:
Y, (z) = Aetkz?

where A is the normalization constant.

The Schrodinger equation inside the quantum wire for motion in the two
confined directions is:

n? [02%(x,y) 0%°¥(x,y)
+ =Ey, Y(x,y)

LOW —
DIMENSIONALITY 2m*|  0dx? dy?

SYSTEMS
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5.3 QUANTUM WIRE

5.3.1 Energy bands

The separation of variables in the Schrodinger equation allows us to factorize the wave

function as:
Y(x,y) =¥Y@)¥Q)
and the equation becomes:

hz 2lP(x) h? 0°¥(y)
Y(y) Zm* ¥(x) 3y? = (Ex + Ey)‘{’(x)‘l—’(y)
where the energy has been separated into two contributions:
Eyy=Ex+E,

The equation can then be separated into two independent equations:

A2 92W(x) h? 9°¥(y)
— = — =E,¥
2m*  0x? Ex ¥ (x) 2m*  0y* o)
These are the same equations as for an infinite potential well . The solutions are:
2 nx 2 mmy
Low WY(x) = |—sen < ) Y(y) = 7 sen (L_)
DIMENSIONALITY Ly Ly y y

SYSTEMS
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5.3 QUANTUM WIRE

5.3.1 Energy bands

Their corresponding energies are:
hz(k,zc)n _ h2m?n?

(Bodn == = 2m*I2
(k)  wmPm?
)= - 2m*L3

The total energy is therefore the sum of three contributions:

h2kZ  h2(k2), hA(k3)
+ +
2m* 2m* 2m*

E(k,,n,m) =E,(k,) + (E,), + (Ey)m —

where n and m are integers that label the quantized energy levels (E,),, and
(Ey)m, as well as the corresponding quantized wave numbers (k,),, and

(ky)m, resulting from the confinement of electron motion in the x and
y direction, respectively.

The values of (E, ).,,and (E can be determined more accurately b
LOW (Ex)n ( J’)m y 0y

DIMENSIONALITY solving the finite potential well problem.
SYSTEMS
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5.3 QUANTUM WIRE

5.3.2 Density of states

The density of states of electrons in the conduction band is given by:

gip(E) = 2 z o [Ez(kz) + (E), + (Ey)m _ El
nm,k,

Since k, is continuous, the sum can be replaced by an integral:
L
-»— | dk
z an d
kz

where zTn is the length of a single state in 1D k-space, and L is the length of the
guantum wire in the real space.

Therefore, we can rewrite g,p(E)as:

L oo
9@ =7y [ 8[Eathk) + B+ (5y),, — ] dk,
n,m 0
Proceeding as in the case of 2D heterostructures:
h? n? [2m*E,(k,)
I[_)(ljl\\//l\llzNS|0NA|_|TY d[E, (k)] = Ekzdkz - m*\/ h?2 dk;

SYSTEMS
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5.3 QUANTUM WIRE

5.3.2 Density of states

Substituting:

ng(E) — %\/fz j;)+oo6 [Ez(kz) + (Ex)n + (Ey)m o El dEz

The integral can be evaluated using the
property of the Dirac delta function, 6 (x — xo)

In a compact way, it can be written as
+ o0

& (x — xp) dx = 0(xo) f(x0)

0

Applying in our case in which xo = E — ((Ex)n + (Ey)m) and x = E, , we obtain:

LOW 91p(E) = % nzl* Z ° [E _ '(Ex)n " (Ey)m-]

DIMENSIONALITY nm \/E — ((E,),, + (Ey)
SYSTEMS - m.
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5.3 QUANTUM WIRE

5.3.2 Density of states

With respect to 2D heterostructures, instead of a single quantum number n, we have a
set of discrete levels labeled by two indices (n, m) for the in-plane confinement.
For each transverse level, the energy dispersion is:

2k2

h .
En,m(kz) — En,m + me with En,m — (Ex)n + (Ey)m

Thus, the spectrum consists of multiple parabolic subbands, each shifted upward by
the corresponding transverse energy Ej, .

This is analogous to the 2D case; however, while in that case each parabola is
labeled by a single index n, here they are labeled by the pair (n, m).

Conversely, the density of states differs significantly from the 2D case.

LOW . ' o
DiMENSIoNIES Each subband contributes a term of the form: g1p (E)

E—E
SYSTEMS ‘/ nm
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5.3 QUANTUM WIRE

5.3.2 Density of states

Instead of the step-like behavior in 2D systems, the density of states exhibits divergences.

These divergences occur at energies where Ecoincides with the bottom of each subband
E’, m, giving rise to the so-called Van Hove singularities.

A

Instead of steps, the density of states is
characterized by a series of sharp peaks,
each associated with a different pair of
quantum numbers (n, m).

These singularities arise
within  the idealized
model. In real systems,
peaks remain finite due to
effects such as electron—

LOW electron interactions. -0.1 0 01 E 1 Eyy Egp
DIMENSIONALITY b
SYSTEMS °
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

In the previous discussion, we considered a quantum wire grown on a semiconductor
substrate and modeled it as a rectangular rod. Here, we will instead consider an ideal
nanowire, treated as a true one-dimensional system.

Consider an infinitely long, cylindrically
symmetric nanowire of radius R.

P
Let us start from the Schrédinger equation in the - .
effective mass approximation: , 1‘

hZ
[— 72 + V(F)] Y(7) = E¥(7)

2m*

where V(7) is the potential, W(7) is the electron eigenstate, and E is the energy
eigenvalue measured from the bottom of the conduction band.

Given the geometry of the problem, it is convenient to rewrite the
Schroédinger equation in cylindrical coordinates.

o We introduce the cylindrical coordinates p, 8, and z, as shown in

DIMENSIONALITY the Figure.
SYSTEMS
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

The relations between cylindrical and Cartesian
coordinates are:

x = pcoso ~ p€[0,R]
y = psend With: g & [0,27]
Z=2Z
To rewrite the Schrodinger equation in cylindrical
coordinates, it is sufficient to express the Laplacian [ }
operator V2 in cylindrical form:

5 02 02 2 10 d 1 02 02
Ve = P

dx? +6y2 +622 :;% ap +p2 007 +622

As in the case of a rectangular cross-section nanowire, we assume that the
potential is zero inside the nanowire and infinite outside.

Yo Accordingly, we impose the boundary condition that W(7) vanishes at the

DIMENSIONALITY surface of the nanowire.
SYSTEMS
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

The separation of variables in the Schrodinger
equation allows us to separate the contributions
W(p,0,z) of associated with the cylindrical
coordinates, namely:

Y(p,0,z) = u(p)O(0)Z(z)

Since the nanowire is infinitely long, we can assume
plane-wave solutions along the z direction: [

Z(z) = etkzz

where k, is the wavenumber along the direction z and is a continuous variable.

The Schrodinger equation in cylindrical coordinates take the form:

h2 [10 ([ 0¥ 1 0%Y 92y
p + + = EVY

LOW - | = > > >
DIMENSIONALITY 2m*|pdp\" Op p- 00 0z
SYSTEMS
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

10 ([ Y@ 1 0%W(#) 0%¥(7)
padp £ ap p?> 00? 072 ‘ ‘
Let us compute the derivatives in the Schrodinger equation term by term:

d 0w (r
35 (P 752) =5 35 0 (P)OOZ@)] = 5 PIOEZE) + ' (P)OO)2(2)

pop\"“ap ) " pap
1029@F) 1 )
pz 662 _pz U(p)G (Q)Z(Z)
02 (7
D —upe@)z()k3

Substituting these expressions, we obtain:

2
. Eu'(m@(emz) +u"(0)0(0)Z(2) + p—lzu(p)@"(H)Z(z)
lE)CI)I\\/{\I/ENSIONALITY L u(p)@(Q)Z(z)kgl = Eu(p)0(0)Z(2)
SYSTEMS
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

We divide both sides by u(p)0(6)Z(z) and obtain:

1u'(p) u'"(p) 10"(0) ,  2m'E

+ + — k2 =
pulp) ulp) p20(6) ~ h?
Multiplying both sides by p? we obtain:
u” u' 0"(0 2m*E
) (p)+p () , ()=<2_ )pz
u(p) u(p)  0(6)

Z hz

Using the method of separation of variables, we conclude that each side must be equal
to a constant C, independent of both 8 and p:

,u’'(p)  u'(p) ( 2_Z’m*E)p2 _ 9" _

2 P\ T TR )P T e T ©

-~ Let us first solve the angular differential equation for ©(0):
DIMENSIONALITY e"(@)+CcOe(OB)=0

SYSTEMS


http://www.presentationgo.com/

5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

The general solution is: | _
0(0) = AeiVCO + Be~1VCO

To satisfy the 2m-periodicity of 8, we must impose:
0(0) = 0(2n)
which is satisfied only if v/C is an integer.

We therefore introduce an integer I such that [? = C, and the angular solution becomes:

0(0) = Ae'lf 4 Be~il0 with [ =0,+1,+2 ...

where [ can be interpreted as the angular momentum quantum number.

We now turn to the radial differential equation for u(p)

u'’ u' 2m*E

ow 2 (p) ‘o (p) Kz — 02 (=2
DIMENSIONALITY u(p) u(p) h?

SYSTEMS
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

Let us introduce: -
h*k;

E=F —
2m*

and rewrite the equation (dividing both sides by p?):

' 2m*E  [?
u"(p) + u l()P) + ( 7;:2 — pz) u(p) =0

ES

3
7 pea =L

This is the Bessel differential equation in the variable x =

The solutions are the Bessel cylindrical functions:

2m*€
nz P

u(p) = aj;

LOW
DIMENSIONALITY
SYSTEMS
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

The electron wave function in a nanowire can therefore be written as:

2m*€
72

Y(r) = aj p | (Ae'f + Be~i0)etkz2

1

We have not yet imposed the boundary 3H) ==
L. . 08— I(x) =eme=

condition that the wave function must

vanish at the surface of the nanowire, i.e.,

u(R) = 0.

This condition is equivalent to
requiring that the Bessel function
vanishes at p = R.

For each value of [, the Bessel
function has an infinite discrete
set of zeros, which we index by n.

LOW Therefore, the zeros of the Bessel function are labeled by two indices

DIMENSIONALITY and are denoted by «,, ;.
SYSTEMS ’
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

Imposing the boundary condition u(R) = 0 is equivalent to requiring:

0-9 ! T T T T T T T T
2m*E * —— 1=0,n=1
i 72 R | =0 thatis Z_m ER = Qn il il g
h? o7
_06F
We then obtain the energy levels: % 05l
=1
>
P TONL7 B
" 2m*R? ' 2m* o3y
02
This expression defines the 0.1
subbands, i.e., parabolic 0 e
_ _ _ _ 4 08 06 -04 02 0 02 04 06 08 1
dispersion relations in k,, each k, [nm™]
LOW ) h2 a%’l Figure 2: Energies E of the five lowest subbands as a function
DIMENSIONALITY Shlfted upward by 2m*R2" of k, for a GaAs nanowire with radius R = 10 nm.
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

The probability density is defined as the square modulus of the wave function.

Since the angular and longitudinal parts have unit modulus, the probability density

depends only on the radial contribution:
2

2m*€

WO =ai| | =5 p

Normalizing over the radial coordinate from the center of the wire to p = R, the
constant a is determined by:

1
2 _
T /2 S ’
R m*
LOW Just as the subband energies depend on the two quantum numbers n and
DIMENSIONALITY [, the probability density also depends on them.

SYSTEMS
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5.3 QUANTUM WIRE

5.3.3 GaAs Nanowire : Subbands and probability density

To analyze this dependence, we first fix one quantum number and

then vary the other, for a GaAs nanowire with R = 10 nm
Let us fix n =1 (the lowest value). The probability
densities for the 4 lowest values of [ are shown in Figure.

For [ = 0, the electron is mainly localized at the center of
nanowire, with no probability of being found at surface.

As [ increases, the probability peak shifts toward the
surface, where the electron is more likely to be found.

0.8

We set the angular momentum to 1 = 0 (the
lowest value). The probability densities for the
4 lowest values of n are shown in Figure.

As n increases, a new radial node is
introduced, so the number of nodes isn — 1.

Probability density [-]
[=]
a

A larger number of nodes
corresponds to shorter wavelengths
and, consequently, higher energies.

o
=

LOW
DIMENSIONALITY
SYSTEMS
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5.4 QUANTUM DOT

5.4.1 Density of states

An ideal quantum dot is a structure that confines electrons in all three spatial dimensions.
As a result, no quasi-free motion is possible in any direction, and the energy spectrum is
fully discrete, similarly to that of an atom.

For a quantum dot with a rectangular ‘
parallelepiped geometry growth on a substrate, -
the electron wave function has no plane-wave

component, and the energy can be expressed as
the sum of three discrete contributions:

2(1,2
h* (kazc*)n N h (ky*)m N h*(kZ),

E(Tl, m, l) — (Ex)n + (Ey)m + (Ez)l = Zm Zm Zm*

where n, m, and [ are integers that label the quantized energy levels (E,),,
(Ey)m, and (E,);, as well as the corresponding quantized wavevectors (k),,

(ky)m, and (k,);, arising from the confinement along the x, y, and z directions.

Tou The values of (E,),, (Ey)m, and (E,); can be determined more

DIMENSIONALITY accurately by solving the finite potential well problem.
SYSTEMS
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5.4 QUANTUM DOT

5.4.1 Density of states

The density of states of electrons in the conduction band is given by:

910(B) =2 ) 8[En + (By),, + B — E]
n,m,l
The density of states is therefore a sum of Dirac delta functions, corresponding to the
discrete energy levels E(n, m, ).

A

Because quantum dots have a fully discrete, g(E) &on(E)
atom-like energy spectrum, they can be visualized "’/é”ga(E)
and described as “artificial atoms.” A7

This discretization leads to carrier
dynamics that are markedly different
from those in higher-dimensional
systems, where the density of states is
continuous over a range of energies. /N A

/]
/

A

Yo Therefore, since only specific energy levels are allowed, changes in

DIMENSIONALITY the electronic configuration are more restricted.
SYSTEMS
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5.4 QUANTUM DOT

5.4.2 Energy levels in a spherical potential well

A quantum dot can be modeled as a spherically symmetric confinement region, where the
electron experiences a centrosymmetric potential depending only on the radial distance r.

The starting point for the problem of a particle in a centrosymmetric potential is the
Schrodinger equation:

h? . e o
-0 V() + VIOY(E) = EY ()

Let us assume that the potential is zero inside the quantum dot and infinite outside, as in
the nanowire case. Then:

h @ = B
o Y(@) = EY(r)

Given the spherical symmetry of the problem, it is convenient to introduce spherical
coordinates. The relations between Cartesian and spherical coordinates are:

X = rsenfcoso
y = rsenfiseng

LOW
DIMENSIONALITY Z = rcosé
SYSTEMS
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5.4 QUANTUM DOT

5.4.2 Energy levels in a spherical potential well

We can express the Laplacian operator in spherical coordinates as:

‘72_1620_'_ 1 0 96+ 1 02
T r2or or  rZsenfag\’ "' a@ r2sen?0 d¢?

Introducing the angular momentum operator:

A2 = 1 0 86 N 1 0%
“5en0 a6 \" """ 39 ) " sen?o d¢p?

we can write the Laplacian operator as:

19 ,0 1

2 2
= r +
r2o0r Or 7r?

2

LOW In this form, the operator A? accounts for the angular part of the

BlIVINSIOVARINGD. Hamiltonian, while the remaining term describes the radial contribution.
SYSTEMS
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5.4 QUANTUM DOT

5.4.2 Energy levels in a spherical potential well

Substituting into the Schrodinger equation and assuming separation of variables into a
radial part R(r) and an angular part Y(0, ¢), we write:

Y(@) = R()Y(6, @)

This leads to:
0 _O[R(MY(6,¢)] 2mr?E
2 2 — _
a'l" r ar + A [R (T)Y(GI (p)] - hz R (T')Y(B, (p)
Dividing both sides by R()Y (0, ¢), we obtain:
1 9 _0R(r) 1 2mr2E
2 2 — —
RO o Y@t (O =-33

Thus, for a given value of r, the angular dependence can be

LOW

DIMENSIONALITY determined by solving the angular part of the Schrédinger equation.
SYSTEMS
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5.4 QUANTUM DOT

5.4.2 Energy levels in a spherical potential well

A*Y (8, @) = EY(B, p)
where € are the eigenvalues associated with the angular part.

This is the eigenvalue equation for the angular momentum operator in spherical
coordinates, and its eigenfunctions are:

€Y(0, @) = Ae'™®p, (COSH)

where P;(cos8) are Legendre polynomials and m is an integer.

For a given [, the quantum number m takes the valuesm = —[,—[l + 1, ..., and the
corresponding eigenvalues are:

E=-l(l+1)
Substituting into the Schrodinger equation, we obtain the radial equation:
1 0 _0R(r 2mET?
LOW r? ()—l(l+1)=—
DIMENSIONALITY R(r)or or h2

SYSTEMS
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5.4 QUANTUM DOT

5.4.2 Energy levels in a spherical potential well

Let us introduce u(r) = rR(r)

and substitute it into the radial equation:

r 0 u(r) (1) = 2mEr?
u(r)ar r[ ]_(_ )= - h?

Let us evaluate the first derlvatlve

72

u(r) _u'(mr —u(r)
ar [

Therefore: aar r? 6ar [ugr)] =5 [u'(M)r—u@)] =u"(r+u'(r) —u'(r) =u"(r)r

Substituting, we obtain:

r? 0%u(r) 2mEr?
LOW —l(l+1) =-
DIMENSIONALITY u(r) o0r? h?

SYSTEMS



http://www.presentationgo.com/

5.4 QUANTUM DOT

5.4.2 Energy levels in a spherical potential well

{ l

thatis - u(r) [ll+1) 2mE
orz | r? h? ulr

2mE
hz '

we can rewrite the equation as:

d%u(r) i+ 1)
or2 [

Introducing k? =

— kzl u(r)

72

1(l1+1)

r2

Far from the origin, where the term becomes negligible, the equation reduces to:

d?u(r)
dr?

whose solutions are sinusoidal functions:

~ —k*u(r)

LOW .
DIMENSIONALITY u(r) ~ sin(kr), cos(kr).

SYSTEMS
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5.4 QUANTUM DOT

5.4.2 Energy levels in a spherical potential well

Near the origin, the solutions are spherical Bessel functions:

w(r) = arji(kr) g
We obtain one eigenfunction for each value of [. Lo

The lowest level corresponds to [ = 0 for which:

sen(kr i
uy(r) = arjo(kr) = ar% 0af

and therefore:

Ro(r) =

Uy (r) _ asen(kr) oal

r kr _oaf

Since these functions possess a countably infinite number of zeros—
similarly to the cylindrical harmonics in quantum wires—the index n
LOW labels the different energy levels according to the boundary condition

g{('\ggz'gm“w that the wavefunction vanishes at the surface of the quantum dot.
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5.4 QUANTUM DOT

5.4.3 Thermal and non-thermal distribution of the population

The energy levels discussed so far were obtained by assuming an ideal spherical potential,
equal to zero inside the quantum dot and infinite outside.

In @ more realistic scenario, one must consider a finite potential inside the quantum dot
and a higher potential outside. In this sense, a quantum dot can be modeled as a spherical
qguantum well. The calculations follow the same steps as before, with the additional
complexity of including a finite confining potential in the Schrodinger equation.

The energy levels remain discrete; however, their values (and spacing) depend on
geometrical parameters such as the size of the dot and the depth of the potential.

Let us now consider a spatial distribution of quantum dots on a substrate.

In realistic systems, quantum dots are typically e = = N “,‘
arranged in ensembles rather than isolated structures, ,”’
forming arrays with a certain degree of size and! >

position dispersion.

This distribution plays a crucial role in
determining the overall optical and
electronic properties of the system and

LOW
DIMENSIONALITY influences the collective behavior of carriers.
SYSTEMS
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5.4.3 Thermal and non-thermal distribution of the population

The Figure represents the band diagram of a quantum dot

embedded in a semiconductor matrix, with the confined Capture Escape
electron (E,) and hole (Ej) energy levels within the i /\ r_'
potential well. §I
It illustrates carrier capture into the dot from the y u E,
surrounding material and escape processes back to the <
continuum, as well as radiative recombination, indicated !
by the emitted photon energy hw = E; + E, + Ej,.
We define the localization energy E;,. as the energy E, ho=E+E*+E,
difference between the confined level and the top of .
the potential barrier.
Carriers can escape from the quantum dot by W -
overcoming the barrier and leaving the < < E,
confinement region. w
This process becomes more significant as - \j K_‘

LOW the temperature increases and the

, S Capture Escape
effective localization energy decreases.

DIMENSIONALITY
SYSTEMS
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5.4 QUANTUM DOT

5.4.3 Thermal and non-thermal distribution of the population
Alternatively, an electron may recombine with an available hole state.

Under steady-state conditions, the average electron—hole
recombination rate in a quantum dot must equal the net
capture rate, defined as the difference between the carrier
capture rate and the escape rate from the dot.

Let us define:
fn and f,, as the occupation probabilities for electrons an
holes in the bound states of the quantum dot.

n and p as the carrier densities in the barrier, i.e., in tt
surrounding material (substrate).

n, and p; as the escape rates for electrons and
holes from the quantum dot to the barrier due to
thermal effects.

v, and v, as the capture rates for

LOW electrons and holes into the quantum

DIMENSIONALITY .
B o dot from the barrier.

Capture Escape
v, p P n,
1\ (T
1] |

W
4 A ]
4
E, hw=E_+E,*E,

A

. Y
lg = Eh
8

wj
iy L
vp P1

Capture  Escape
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5.4.3 Thermal and non-thermal distribution of the population

Averaging over all quantum dots (denoted by (-)), the net capture rate can be written as:

van(1 —{fn)) —ny{fpn) = Upp(l - (fp)) nl(fp
The average electron—hole recombination rate can be
expressed as the product of the occupation probabilities
(fnfp)
T

divided by a characteristic recombination time 7p,

Under steady-state conditions, we obtain:

(fnfp> = nn(l - (fn)) _ nl(fn) = vpp(l - (fp)) N p1<fp>

Tp
We can identify two distinct limiting cases:

If the recombination of carriers inside the
guantum dot is much faster than the escape rate,
the population becomes independent of the
carrier energy. As a result, quantum dots of

- different sizes exhibit the same population.

Capture
Vn P

AE,

Escape

ho=E+E +E,

UJ:-
<

Y

vV

pCapture

=

Escape

BllVSNSIC\VNRINEN. Dots behave as non-interacting systems, with no exchange of carriers.

SYSTEMS
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5.4.3 Thermal and non-thermal distribution of the population

Capture Escape

”."?/* m

In the opposite case, when carriers can escape from the W
quantum dot several times before recombining (with a
probability that depends on the localization energy), thermal
equilibrium is established between the barrier and the
guantum dot. Egl hw=E+E+E,
In real systems, the situation typically lies between these two extremes.

AE,
P
m

'
At thermal equilibrium, the escape time 7, from a trap
Y
(neglecting other loss mechanisms) is empirically given by: %’ I E
Eloc g
Te,Tp N TOe . " Lu\j k,
. . vp P1
with 7, = 10 ps, corresponding to E;,. = 0. Capture  Escape

At room temperature, the escape time is approximately 7, = 1ns,
LOW which is comparable to the typical radiative recombination time.

s haulll Therefore, T, and Ty are of the same order of magnitude.
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5.4.3 Thermal and non-thermal distribution of the population

Let's analyze the two extreme cases:

If the characteristic escape time is much shorter than the radiative recombination time,
i.e., T, Tp K Tp, carriers can redistribute among the different quantum dots, and a
thermal distribution is established.

In this regime, the population is described by Fermi—Dirac distribution functions with
quasi-Fermi levels Ep and Ef,

1 1
fn(Ee'EFC) — Ec—EF, fP(Ee’EFv) = En—EFr,
1+e KT 14+e KT

Under these conditions, the net recombination rate can be set to zero, and
therefore:

lE)(I)I\\/?I/ENSIONALITY v (1 —{fn)) — ny(fp) = Upp(l — (fp>) — P1<fp> =0

SYSTEMS
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5.4.3 Thermal and non-thermal distribution of the population

From these relations, we can obtain the densities of free carriers:

n (fr) p__ U
n v — {fu) 1 (1= ()

The electron density in the substrate, if the quasi-Fermi level EF, lies several kT below the
barrier, is given by:

EFC_AEC
n=N.e KT

mKT)3/2

with N = 2 (32

A similar expression holds for holes.

. By substituting n and f,,, the ratio between escape and capture rates

DIMENSIONALITY can be expressed as a function of temperature.
SYSTEMS
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5.4.3 Thermal and non-thermal distribution of the population

The other limiting case corresponds to radiative recombination being much faster than the
thermal escape of carriers from the quantum dot, i.e. 7., 7, > Tp.

In this case, starting from the steady-state equation, we can neglect n; and p4, so that the
carrier density in the barrier becomes:

1 1
Tp Vn (1 _ <fn>)

where f, and f,, represent non-equilibrium populations.

Intermediate situations are more difficult to analyze. One must also take
into account that electrons and holes may have different localization
energies. A further complication arises when excited states are included,
since they can act as intermediate levels for the capture or escape of

LOW
DIMENSIONALITY electrons and holes.
SYSTEMS
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5.4.4 Carrier Statistics: Rate Equations and Random Population

The conventional rate-equation method describes the population of the i-th (non-
degenerate) electron level in terms of the average occupation probability f;. However, when
multiple levels are involved, a more detailed approach is required.

For a set of N quantum dots, we introduce the variable yi], which indicates whether the i-th
electronic level in the j-th dot is occupied (yl-j = 1) or empty (yij = 0).

The average occupation of the i-th level is then:

N
1O G 2>
=5 0.7 1
Within the rate-equation framework, we consider two non- T, lr,
degenerate energy levels associated with electron—hole y |0>

pairs (formed by an electron and a hole in states with the
same quantum numbers).

We denote by f; and f, the populations of these two levels, with 0 < f; < 1.

LOW Let us assume a generation (excitation) rate G that populates the
DIMENSIONALITY upper level.

SYSTEMS
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5.4.4 Carrier Statistics: Rate Equations and Random Population

We assume the same mean lifetime 7, for both levels toward ¢\

the ground state |0) and denote by 7, the intrinsic relaxation G 12>
: : : T,
time from level |2) to level |1) , as shown in the Figure. 1
The rate equations for level |2) and level |1) are: 11>
T, |1
d 1 _ r r
if __fr LOA-f) c o>
dt T, T
dfi . _fi 0= f)
dt T, T

The ground state |0) is not explicitly included in the dynamics, since carriers relaxing to
this level rapidly recombine radiatively and leave the system.
An analytical solution can be obtained in the steady-state regime.

o dfs df
By imposing: =0
dt ' de

We obtain:

1-— 1-—-
. L _BA-f) A AR
DIMENSIONALITY TR To T, To

SYSTEMS
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5.4.4 Carrier Statistics: Rate Equations and Random Population

G |2>
which simplifies to: |1>
P _é + G = ﬁ T, T,

TT TT y y |0>

. . 1
If the generation rate is low (G K T—), we can assume f, = 0, and therefore:
r
fl = GT,

Thus, fiNp quantum dots are occupied by one electron—hole pair, while the
remaining dots are empty.

If an electron—hole pair is captured by the quantum dot ensemble, two situations
may occur:

if it is captured by an empty quantum dot, f, remains zero;

if it is captured by one of the f; Np quantum dots already occupied by an
electron—hole pair, then f, > 0, contradicting the assumption f, = 0.

LOW
DIMENSIONALITY
SYSTEMS
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5.4.4 Carrier Statistics: Rate Equations and Random Population

)\

G |2>
To
In summary: — |1>
If the generation rate is low, the probability of double occupation is T |%
negligible, and we can assume: . . |0>

f=0
In this regime, each quantum dot can host at most one electron—hole pair.

However, carrier capture is a stochastic process, and in principle a new electron—hole pair
can also be captured by an already occupied quantum dot.

In this case, a doubly occupied state would be formed, implying:

f2>0

This leads to an inconsistency, since the assumption f, = 0 neglects
these events.

LOW Therefore, the rate-equation model is only valid as an approximate
DIMENSIONGE) description in the low excitation regime.

SYSTEMS
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5.4.4 Carrier Statistics: Rate Equations and Random Population

An alternative to the rate-equation model is to describe the system in terms of master
equations for the microstates of a set of quantum dots.

The ensemble is characterized by the number N, of quantum dots in each configuration
k, defined by a specific set of occupation variables yi].

The total number of quantum dots is conserved, and therefore:
2, M= o
k

When a capture or recombination event occurs, a quantum dot transitions from one
configuration k; to another configuration k,. At the ensemble level, this corresponds
to a change N, — Ny, — land N, = N, + 1.

The identity of the specific quantum dot undergoing the transition is
irrelevant. Therefore, the system can be described statistically using the
random population approximation, in which we write differential
equations for the time evolution of Nj. This approach is valid in the limit

LOW
VeV \Mia A of a large number of quantum dots Nj,.
SYSTEMS
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5.4.4 Carrier Statistics: Rate Equations and Random Population

A consistent description of the two-level system is then obtained by considering all
possible microstates and their transitions, as illustrated in the Figure.

2 T
We describe the quantum dots in 7, 2) 11 ——{ 10
terms of double-index states, T .
where each index refers to the 1) l r To l r
occupation of one of the two |
energy levels, |2) or |1). Thus: - |0) 01 T, 00

(0,0) denotes a quantum dot with both level |2) empty and |1) empty

(1,0) a quantum dot with |2) occupied and |1) empty,

(0,1) a quantum dot with |2) empty and |1) occupied,

(1,1) a quantum dot with both level |2) and |1) occupied.

Let wyo, W10, Wp1, and w;;denote the probabilities of finding a quantum dot
in the states (0,0), (1,0), (0,1), and (1,1), respectively.

LOW These probabilities must satisfy the normalization condition:
DIMENSIONALITY Woo + Wi + Woq + Wy =1

SYSTEMS
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5.4.4 Carrier Statistics: Rate Equations and Random Population

The master equations (in the absence of external excitation) are:

( dwgg _ Wio n Wo1
dt T, T, .
dwyg Wio , W11 Wi 11 —— 10
dt :_Tr+TT+T0 l*rr / lr,
dwyq _ _ Woi N Wii  Woa °
dt T, T, T 01 —=%—> 00
dw,4 _ Wi
L dt TR

In the low-temperature limit, the probability w,, of finding a quantum dot with n
carriers in level M follows a Poisson distribution:

where A = (n) is the average number of carriers in the quantum dot

LOW
IVENSOIV\NIAA ensemble and depends on the external excitation level.
SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.1 Crystal Structure

Phosphorus is an element in group 15 of the periodic table, with atomic number 15 and
chemical symbol P. It is a nonmetal belonging to the nitrogen group.

Its electronic configuration is:

3s 3p 3d
152, 252, 2p®, 352, 3p3 P(groundstate) [+;] [+ [+ [+ | [
Phosphorus can promote one electron to the p(excitedstate)y [+ | [t [t [* ] [t
3d orbital, resulting in five unpaired electrons sp’d hybridization

and enabling sp3d hybridization.

The electrons in the hybrid orbitals form o bonds.
However, the promotion of an electron to the 3d orbital does not always occur in

phosphorus compounds. In addition to compounds such as PCls, where
sp3d hybridization is present, there are also compounds such as PCls, in which
phosphorus is sp3-hybridized.

Phosphorus exists in several allotropic forms, commonly identified as
white, red, and black phosphorus.

LOW White phosphorus is a molecular solid composed of P, tetrahedra,
DIMENSIONG) held together by van der Waals forces.

SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.1 Crystal Structure

Red phosphorus is an amorphous form that does not occur naturally. It is obtained from
white phosphorus by heating it to about 260°Cfor an extended period in the absence of air.

Black phosphorus is the most stable allotropic form.

It consists of stacked layers of individual sheets. Each sheet is composed of two puckered
double layers.

As shown in the figure, black phosphorus is formed by a sequence of sheets stacked

along the z-axis. P )
o.":ﬂ&\ y‘ﬂ’.\ \
Adjacent sheets interact through weak  Sheet 1 <o\ \\ e\

o/ e oo
van der Waals forces. ‘\r: =9 Layer 2
(-

Within each sheet, atoms are

o —
arranged in two parallel ,'SQ oo
. o ¢\\ o/ Q'
sublayers (blue and red in the Sheet 2 v \o—®
figure) following a well- N \.%? Layer 2

defined pattern: zigzag chains

along the y-direction alternate z
LOW periodically  between the ‘ CV
BIIVISNSION\RINGN, upper and lower layers. X
SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.1 Crystal Structure

It follows that, in the (zx) —plane, the atoms form a trapezoidal, wave-like periodic

structure.

d,
Sheet 1 02 (

Y SSv'S

z \ d, \ i
‘ Sheet 2 p q
o o o o A ’ y

X

Within each sheet, each phosphorus atom (with sp3 hybridization) is covalently bonded
to three neighboring atoms.

Two of these neighbors lie in the same layer and form an angle ¢, = 96.34°,
while the third lies in the adjacent layer and forms an angle ¢, = 71.1°.

The covalent bonds have slightly different lengths: the in-plane bond

LOW isdy = 2.224 A, while the bond connecting atoms in different layers

DIMENSIONALITY : ~ A
ERENSIC is dy ~ 2.244 A


http://www.presentationgo.com/

5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.2 Primitive cell and Brillouin zone

A single sheet of black- phosphorus is called phosphorene. d

The main properties of black phosphorus can be derived
from those of a single phosphorene layer.

Let us determine the primitive cell of phosphorene.
The starting point is to reduce a single sheet to a single layer.

Let us consider the projection of the structure onto the xy plane.

Each blue atom in the upper layer, when projected onto the «r
lower layer, has as its nearest neighbor a red atom aligned

along the x-axis, at a distance: y '
A
a=d,cosp,
&
The resulting structure is a honeycomb Y
lattice with irregular hexagons. N
The geometry can be fully a ‘
Yo determined from the known
> X
g{l\ggﬁllgNALlTY parameters a, d,, and . armichair
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.2 Primitive cell and Brillouin zone

Let us now determine the primitive cell by considering
this two-dimensional structure. i

Let us consider the center of a hexagon. From this 0
point, we draw a vector that connects the center of

zigzag

the nearest neighboring hexagon along the x -
direction, and the center of the nearest neighboring
hexagon along the y-direction.

> X

We thus identify two lattice vectors: armchair

a)):COﬂ; a_0>=a0ﬂ;

It is easy to determine that a, = 3.314 Aand ¢, = 4.376 A .

We note that the rectangle defined by these two orthogonal vectors constitutes
a primitive cell.

This primitive cell contains four phosphorus atoms, since the atoms located on

the edges contribute with a weight of %

LOW .
VAN UN A tsareais therefore: A = ay¢y

SYSTEMS
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5.5.2 Primitive cell and Brillouin zone

This is not the only possible choice of primitive cell. y
Focusing only on the red atoms, we observe A
that the periodicity can be reconstructed by
considering pairs of atoms located at the ends
of a covalent bond d;.

zigzag

5.5 PHOSPHORENE AND BLACK PHOSPHORUS
This suggests that the primitive cell can be

defined by choosing two lattice vectors that

connect such pairs of atoms, while preserving > X
armchair
the symmetry of the crystal.

If we decompose the two vectors 7,
and 7, along the x and y axes, and
express their components in terms of
apgand c¢qy, it is straightforward to

verify that:

> <

zigzag

T1=ZU, +—=U
2 * 277
LOW . - > X
DIMENSIONALITY Ty = Aol armchair

SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.2 Primitive cell and Brillouin zone

If we repeat the same construction for the pairs

of blue atoms, we obtain an equivalent result.
The sum of the two parallelograms defines a new

parallelogram that can be considered a primitive ' ")
cell containing four phosphorus atoms. ’

Its surface area is:

“3
A\

zigzag

N aoyC .
A=2(1{ XT,) = 2% = a,yCy armchair
Thus, the two possible choices of primitive cell are equivalent in both 2

area and number of atoms.

Let us now return to the original three-dimensional structure
by placing the blue atoms back in the upper layer.

Ty

The full geometry of phosphorene is restored,
and the two previously identified
parallelograms are no longer coplanar but lie
LOW on two distinct layers, corresponding to the

DIMENSIONALITY
B o upper and lower sublayers of the crystal.
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.2 Primitive cell and Brillouin zone

At this point, it is natural to recognize that the primitive cell can be described in terms of
an orthorhombic structure:

If we also construct the parallelepiped
generated by the rectangle chosen as
the fundamental cell:

It is immediately evident that the orthorhombic structure occupies a
LOW smaller volume than the parallelepiped, making it a suitable candidate
DIMENSIONG) for the primitive cell containing four atoms.

SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.2 Primitive cell and Brillouin zone

The first Brillouin zone has two hexagonal faces in the (kzky) —plane.

f\kz

LOW
DIMENSIONALITY
SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

The method used to calculate the band structure of phosphorene is based on the
pseudopotential approach.

Pseudopotential theory allows us to write the Schrodinger equation for the plane-wave

component qb%(?) of the valence electron wavefunction:
2

h
R Va2 VLV r> . R _ _ 2 d
(H+V )¢§(7”) = €§¢§(7‘) with H + V" = —2m|7 + ppseudo

ypseudoranresents the effective periodic potential that replaces the true ionic potential U.

The assumption is that the pseudopotential is weak V(r)
enough to justify treating the valence electrons A

. . . ~ 1/2 -Bond length
within the nearly free electron approximation. s

¥
The simplest models assume a Coulomb potential : >

\(’0 e
at large distances and a constant potential in the rcgri(,.,
core region. The matching point between the
two regions is taken at the core radius 7.

This form of the pseudopotential is overly Vi
LOW simplistic and does not allow for an accurate AN

. . / / lon potential ~ -1/r
BlIVISNSIONVARINE reproduction of experimental data. /
SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

In 1973, Appelbaum and Hamann proposed a more accurate expression for the
pseudopotential of a single Si**ion.

For the single ion, the Appelbaum-Hamann pseudopotential has the form:
Vion(® = (V1 + 12Vp)e™"

where the parameters V;, V,and a are determined by fitting to experimental data.
For phosphorus ions, these parameters take the values reported in the Figure.

Negative Appelbaum-Hamann Pseudopotential for P (Si**)

If we wuse this expression for the °
pseudopotential to calculate the energy .
levels of a single phosphorus ion, we
obtain excellent agreement with the
experimentally measured energy levels.

-10 1

—-154

=Vion(r)

3s 3p 3d Rad

Calculated (15) (2p) (3d)
—4.777 —3.972 —-2.762

Experiment'® —4.778 —3.970 —2.920 &5

—251

0 20 40 60 80 100 115



http://www.presentationgo.com/

5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

The pseudopotential approach has been highly successful in describing the energy
bands and optical properties of a wide range of solids.

However, more accurate models must also account for the nature of the bonding
(ionic, covalent, or mixed), since this directly affects the charge distribution.

A natural extension beyond the pseudopotential approach is therefore to include
interaction terms that explicitly account for the electron charge distribution.

Calculating the charge density allows one to evaluate covalent bond charges and,
consequently, to assess the degree of ionicity or the extent to which covalent bonds are
modified by electrostatic interactions.

The calculation of charge density in semiconductor crystals was first addressed in 1971.

The spatial distribution of the charge density for the valence band n can be written as:

pn(F) = ez ¢Z;(7) ’

—

k
where the sum runs over all available states k in the band n.

LOW The functions qb:’l% are obtained from calculations based on

DIMENSIONALITY
SYSTEMS

pseudopotential method.
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

With these considerations, the band structure for phosphorene is obtained by solving the
single-electron Schrodinger equation within the pseudopotential method:

——v2+van(r R)) + V()| 2 = €200 (7)

where Vl-on(F — Rj) is the Appelbaum-Hamann potential of the j-th ion located at E)

The term V() is the Hartree potential, determined by the valence charge density p,,(7),
obtained by solving the Poisson equation:
) 2

V2V, (7) = —=8mp,,(#) with pPn(F) = z
k

Within the pseudopotential method, the valence electron wave functions satisfy

Bloch’s theorem and can be expanded as:

1 g 2N 2
Vi k+G)-r
2(r) =— E ¢z etk+6)
¢k /_Q . G

v
nk

LOW

DIMENSIONALITY where G are the reciprocal lattice vectors.
SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

Substituting this form into the Schrodinger equation transforms the problem from real
space into Fourier space. As a result, for each k, one obtains a system of equations

[8 8 CE G = Z UG] Gk-G;

which can be solved to determine the
band structure of phosphorene.

Kal

. (ryd)

Eé/
ol

Since the primitive cell contains 4
phosphorus atoms and each atom

contributes 5 valence electrons, the
lowest 10 bands are occupied.

The shaded region
LOW

separates the valence band " - B
IVE\Ee/NNjad  from the conduction band.
SYSTEMS

A X R L

U z ¢ T
Fig. 4. The energy bands of black phosphorus.
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

Phosphorene is a direct band-gap =z
semiconductor, with the minimum located at z
the Z point of the Brillouin zone (along the .

approximated by a parabolic relation.

Along other directions, the band gap increases, =
reaching values up to about 3 eV; for example, 4

(ryd)

ﬁ
———'-—'--—‘@ 3
—___\_
_—-/
—

AN

(001) direction). AN ——

At this point, the band gap is approximately 0.3 §

eV, and the dispersion can be locally ><
_/

at the I' pointitis around 2 eV.

Given the dispersion relations € 2, the
density of states can be calculated:

The density of states of phosphorene
exhibits a highly structured profile
with multiple peaks, reflecting the
LOW anisotropic band dispersion and the

PUUSSISNRIRER presence of van Hove singularities.
SYSTEMS

30

H0

T

[=]

A
Fig. 4. The energy bands of black phosphorus.
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

The valence charge density can be determined,
represented in Figure as a contour map.

A contour map represents the charge density through
lines connecting points of equal value. Closely spaced lines
indicate rapid variations and high-density regions, while
wider spacing corresponds to lower and more uniform
charge distribution.

In phosphorene, the contour lines reflects the puckered
structure and the directional nature of the covalent bonds
between phosphorus atoms.

Also the effective mass of the electron and hole at
the point Z can be estimated:

Table III. Calculated effective masses (m is the free
electron mass).

m* m*
). (),
LOW Hole 0.09 0.81 0.36 0.20
DIMENSIONALITY Electron 0.09 1.16 0.17 0.16

SYSTEMS

m*
(_n?:_) . averaged
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

If multiple layers of phosphorene are stacked to form black phosphorus, the resulting
crystal exhibits a band gap that depends on the number of layers.

This effect was demonstrated through band structure calculations using the GW method.

The GW method is a many-body approach used to compute energy levels, expressed in
terms of the single-particle Green’s function G and the screened Coulomb interaction V.

Band structure for phosphorene using the GW approximation is shown in the right Figure.

Comparison of the calculation of the dispersion relations in the direction I' — X, using the
pseudopotential method and the GW approximation is shown in the left Figure.

The GW method predicts oW psep“d°p°te”tia'
a band gap of 1.6 eV, |
compared to 2.0 eV with

6

S _
L -
seudopotential. e L - _ :
P P f')_‘; 20 0 ..E!-'-Lm eVl i
At the Fermi level 2 52( Mo [Monolayer

the relations are
not so dissimilar.

LOW
DIMENSIONALITY

-
w
-

SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.3 Band Structure and Density of States

For multiple stacked layers of phosphorene, the energy gap at the I' point decreases

as the number of layers increases.

1.61 @

1,24

0,81

Energy gap (V)

0,4+

0.0

1'

LOW
DIMENSIONALITY
SYSTEMS

2

Mumero difogli di fosforene

6 @ L\ // \t‘hl /\
| \% %§
> 5 L
“:fﬁ 0 E=1.60 eV NS E,=101 eV TN
t.:JE_g(. _____\\—h'ijriolﬂier ( ilayer
® 4
@ 61
6
T T T 4
3 4 —_
% 2
=
20
LT}
&
4
-6

Black phosphorus, however, retains a direct band gap regardless of
the number of layers.
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.4 Field Effect Transistors

Black phosphorus can be used as an active material in field-effect transistors.

Transistors are the fundamental building blocks of modern electronic devices and
integrated circuits. The discovery of graphene has sparked significant interest in the
development of transistors based on two-dimensional materials. _ v gfaphe\;‘e

Graphene exhibits extremely high carrier mobility (up to ~ 2
X 10* cm?V~1s™1 at room temperature). However, due to
the absence of an energy gap, it is not suitable for
conventional logic applications.

sio,

Silicon

Vv
Black phosphorus combines high carrier mobility with a large I,y /IoFF ratio.

bg

In 2014, Zhang and  Ye |{ifcchnoiosy o e e 1
demonstrated the first FET based
on black phosphorus with varying
thicknesses, achieving a mobility of st et e e e e )
about 1000 cm2V=1s™1 for a 10 e s m s i S oo i

current modulation on the order of 10° and well-devel d current ion in lhel V ch istics. The charge-carrier

Black phosphorus field-effect transistors

Likai Li", Yijun Yu', Guo Jun Ye?, Qinggin Ge', Xuedong Ou', Hua Wu', Donglai Feng!, Xian Hui Chen2*
and Yuanbo Zhang'*

mnbllty foudtobe!h ckness-depende t,lmhth highest values u, ptnmloﬂo ecm? V=157 obtained for a thi lme of

LOW nm sample, higher than that oOf  Ziom os s i i s orba oo tin csas s o codmenion maoial o
DIMENSIONALITY

SYSTEMS silicon.
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.4 Field Effect Transistors

b 10°
8
L
1 N
\\\ \
5 2 = ;.
um 10 1 \\
: S
— 3 N\ \
<:(1 ] \\
v.» 10'-‘0 1 \\ ///
~ \ //’/
\
E \ o OTOTRTy
= 6 =
g 107° 3 “ Tl
= 65nm | | | \ ﬁ
e 27 | I
I _ ! M

\ T T v T T T T T T T T

T T T T T T T T _30 _20 —]O O ]O 20 30
0 1 2 3 4 5
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Compared to graphene, black phosphorus exhibits lower carrier mobility;
however, its Iy /IprF ratio is nearly four orders of magnitude higher.

As shown in Fig. b, when the gate voltage is varied from -30Vto 0V,
-~ the channel switches from the “on” state to the “off” state, with the

DIMENSIONALITY drain current decreasing by about five orders of magnitude.
SYSTEMS
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5.5 PHOSPHORENE AND BLACK PHOSPHORUS

5.5.5 Photodetectors

Due to its thickness-dependent direct band gap—ranging from about 0.35to 2.0 eV (from
multilayer to monolayer phosphorene)—black phosphorus is an excellent candidate for
photodetectors operating over a broad spectral range, from the visible to the infrared.

The black-phosphorus photodetector is based on a back-gate FET configuration.

a \ /
A ADVANCED /
ey MATERIALS
M U|"I’)§ www.advmat.de Laser beam —
www.MaterialsViews.com
Broadband Black-Phosphorus Photodetectors with High Nickel contact Black Phosphorus

Responsivity

Minggiang Huang, Mingliang Wang, Cheng Chen, Zongwei Ma, Xuefei Li, Junbo Han,
and Yanging Wu*

.. b g — c 10°
The responsivity 7 S .

E o ; iy B o 20K
strongly depends .t . a0k ] moth N o 300K ]
on temperature. S | . e : = i ey ;

— = 1P L
10t} T N : © 10t} ° 3
~ 9 o
10°F e | 10° e 1
e 5
. T T T T T T T T
DIMENSIONALITY o i B (mWiem?)
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