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2.1 BRAGG DIFFRACTION

The crystal structure of a solid can be investigated using the diffraction of X-rays, neutrons,
or electrons.

W. L. Bragg introduced a simple geometrical model to describe diffraction from crystals.
Although simplified, this model correctly predicts the directions at which diffraction
maxima occur.

In Bragg’s model, the incident wave is regarded as \\/
being specularly reflected by parallel lattice g O~ 16 >

planes. Each plane scatters only a small fraction of \/9'\ cTZ
the incident radiation. As in specular reflection, N !
the angle of incidence equals the angle of A5l
reflection.

A diffracted beam is observed when the waves scattered by successive parallel lattice
planes interfere constructively.

Consider a set of parallel lattice planes separated by an interplanar spacing d. The
path difference between waves scattered from adjacent planes is

2dsinf

where 6 is the angle of incidence, measured with respect to the

RECIPROCAL .
LATTTICE lattice planes.
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2.1 BRAGG DIFFRACTION

Constructive interference occurs when the path
difference is an integer multiple of the

wavelength A: ey 0 9 e
1
d
l

2d sin 6 = nA, n=123,.. q\
This condition is known as Bragg’s law. '/ 9§ \A\

For first-order diffraction (n = 1), Bragg’s law can déine
be satisfied only if

A< 2d
Although the scattering from each lattice plane is specular in Bragg’s geometrical model,

a strong diffracted beam is observed only at angles for which the waves scattered from
successive planes add in phase.

The model assumes that each lattice plane scatters only a small fraction of the
incident radiation, allowing the wave to reach deeper planes. If the planes were
perfect reflectors, the incident radiation would be reflected by the first plane
only, and no interference between waves from successive planes could occur.

Bragg’s law determines the directions of diffraction maxima from the
periodicity of the lattice. It does not, by itself, determine their intensities,

RECIPROCAL which also depend on the atomic basis associated with each lattice point.
LATTTICE



http://www.presentationgo.com/

2.2 RECIPROCAL LATTICE

2.2.1 Fourier analysis of the scattered wave

Bragg’s derivation provides a simple condition for the occurrence of diffraction maxima,
corresponding to constructive interference between waves scattered by equivalent points
of the crystal lattice.

However, to calculate the intensity of a diffracted beam, it is also necessary to consider the
atomic basis, namely the spatial distribution of scattering charge within the unit cell. A
more detailed analysis is therefore required.

A crystal is invariant under translations of the form:
T = ula—1> ~+ uZa—2> —+ u3a—3>

where u,, u, and us are integers, and a;, a, and as are the primitive translation
vectors of the crystal.

Consequently, any physical quantity that shares the translational symmetry of the
crystal is periodic under T'.

The electron density p(7) is periodic under any lattice translation T:

RECIPROCAL p(? + T) =P (77)

LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.1 Fourier analysis of the scattered wave

For simplicity, consider a one-dimensional periodic function p(x) with period a:

p(x +a) = p(x)
Its Fourier series expansion is

p(x) = po + 2 [C COS —x) + S, sin (an )]

where p is a positive integer and Cp and S, are real Fourier coefficients.

The arguments of the sine and cosine functions ensure the periodicity of p(x). In fact,

p(x+a)=py+ 2[6 COS —(x+a))+S 51n<—(x+a)>]
il ) rspsin (G am)
= po + C, cos —x+27tp + S, sin| —x + 2mp

5 ,D(X); because p is an integer and both sine and

RECIPROCAL
LATTTICE cosine are periodic with period 2.
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2.2 RECIPROCAL LATTICE

2.2.1 Fourier analysis of the scattered wave

The allowed wave vectors are

27Tp
G, =——,p EL.
p =, 'P

These values define the reciprocal lattice in one dimension. The reciprocal-lattice points
lie along a line, separated by the reciprocal-lattice spacing

2T

AG:? _47r _27T 0 2m 4m

a a a a

We can write the Fourier expansion in complex form as

< 21p
p(x) = z ppe a’

p=—00

where p runs over all integers and the coefficients p,, are, in general, complex.

Since the electron density p(x) must be real, the Fourier coefficients must
satisfy the condition

P—p = Pp

RECIPROCAL P P

LATTTICE In particular, py € R.


http://www.presentationgo.com/

2.2 RECIPROCAL LATTICE

2.2.1 Fourier analysis of the scattered wave

2TTp
Forp >0, let ¢ =Tx

and consider the pair of terms with indices p and —p:
ppei¢’ + p_pe_i¢ = (pp + p_p) cos ¢ + i(pp — p_p) sin ¢
Using p_,, = pp, We obtain
ppei¢’ + p_pe‘i¢ = 2Re(pp) cos ¢ — ZIm(pp) sin ¢
which is real. Therefore, the complete Fourier series represents a real density function.

Using the orthogonality of the complex exponential functions, the Fourier coefficients
can be determined as

1

4 _i2m,,
pp=af0 (x)e "a " dx

To prove this result, substitute the Fourier expansion:

1 @ 2men
szazpp’jo efa (PP gy

RECIPROCAL pTET
LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.1 Fourier analysis of the scattered wave
Forp' # p,

a
j oa @ x g @ [e2n(p'-P) — 1] = 0
0 i2n(p’ —p)

because p’ — p is a nonzero integer and therefore ei2n(p'-p) = 1

Forp' = p, foadx =a.

Thus, only the term with p’ = p survives, giving the required coefficient Pp-

We now extend the Fourier analysis to a three-dimensional periodic function p(7). By
analogy with the one-dimensional case, we seek a set of vectors G such that

- oL 1 - i
P =) pg €T with  pg=1, | P e ddr
G Ve

V. volume of a primitive cell

é
is invariant under every lattice translation T:

RECIPROCAL p(7 + 7) = p(7)

LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.2 Reciprocal lattice vectors

To extend the Fourier analysis of the electron density to three dimensions, we

introduce the reciprocal-lattice vectors G.

The primitive vectors 51, EZ, and 53 of the reciprocal lattice are defined in terms of
the primitive vectors d4, d,, and d3 of the direct lattice as:

— a, X az
b1:27T
a1°a2><a3
— as X a;
b2:27T
a1°a2><a3
— a; X a,
b3:27T
a1°a2><a3

If a7, @ and @ are primitive vectors of the direct lattice, then by, b, and bs are
the corresponding primitive vectors of the reciprocal lattice.

Each reciprocal primitive vector b; is perpendicular to the two direct-lattice
primitive vectors d; with j # i. The vectors b, by, and b; satisfy:

RECIPROCAL b; -Ef = 2m6;; where 0;; is the Kronecker delta.

LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.2 Reciprocal lattice vectors

The reciprocal-lattice points are represented by the vectors:

-

G = v1by + vyb, + v3bs

where v{, V5, and v5 are integers

It remains to show that, when these vectors G are used in the Fourier expansion, the
resulting function is invariant under every direct-lattice translation T = u,a; + u,a, + uzas.

To ensure translational periodicity, we require
> T iG-(F+T) _ iG-7 ,iG-T
p(r+T)—Zpée ( )—zpée e,
G G
L

G-T= (V1E1 + VZEZ + Vgl_))g) - (ugdq +uyd; + u3c_i3)

Since I_D)i . C_l)] = 27T5ij
5 . T = Zﬂ(vlul + VoU, + V3U3)
The quantity v;uq + v,u, + v3us is an integer. Therefore,

RECIPROCAL eic?-? — pi2m(Viug +Vaus+vaus) —

LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.2 Reciprocal lattice vectors

Every Bravais lattice in direct space has an associated reciprocal lattice.
The reciprocal lattice is the set of vectors

G = hby + kb, + lbs, bk, L€ Z,

which form a Bravais lattice in reciprocal space. A plane wave with wave vector G has the
periodicity of the direct lattice.

As we will see, the positions of diffraction peaks map the reciprocal lattice. Their
intensities also depend on the atomic basis through the structure factor.

A real-space image, when resolved at the atomic scale, provides information on
the crystal structure in direct space.

The direct-lattice vectors have dimensions of length, whereas reciprocal-

RECIPROCAL lattice vectors have dimensions of inverse length.
LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.2 Reciprocal lattice vectors

/ EXERCISE 1

~

Consider a family of lattice planes with Miller indices (hkl).

planes.

Also show that the spacing between two adjacent planes of the family is d(hkl) =

\_

Show that the reciprocal lattice vector G = hBl + kBZ + ll_53 is perpendicular to the

2T
G|

Let us consider a lattice plane with Miller indices (hkl). 1

For h, k, and [ # 0, the plane intercepts the
three primitive axes at the points whose
position vectors are

- - -
a; ap; as
h' k' 1°

RECIPROCAL These three points define the plane.
LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.2 Reciprocal lattice vectors

To prove that
thl - hbl + kbz + lb3

is perpendicular to the plane (hkl), it is sufficient to show that it is
perpendicular to two non-parallel vectors lying in the plane.

Two such vectors are:

L d4; 4y , 4y d3
v =——— Vy = —— —
b k' 2Tk
. i h k
Using b; - d; = 2md;;, we find: %

i a
Gt - U1 = (hby + kb, + 1b3) - <71 f) =

Gt - U = (hby + kb, + 1b3) - (— - T) =0

RECIPROCAL
LATTTICE

Therefore, Gy is perpendicular to the plane (hkl).
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2.2 RECIPROCAL LATTICE

2.2.2 Reciprocal lattice vectors

To determine the spacing between adjacent planes of the family

—_—

(hkl), consider the plane passing through the intercept point %

The distance djy; from the parallel plane through the origin is
the projection of this vector onto the unit normal to the planes:

Y
d(hkl) =7 - " i e
Since 5hkl is normal to the planes, i
" Ghi
n=— :
| Gy |
Therefore,
é)hkl C_il (hEl + kl_g)z + ll_;g) * C_l)l
dhkl ) = . h = = =
| Gy | h| Gpp |
2T
RECIPROCAL Thus, dpg; =

LATTTICE | ﬁhkl |
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2.2 RECIPROCAL LATTICE

2.2.3 Diffraction conditions

THEOREM ON THE RECIPROCAL LATTICE
The reciprocal-lattice vectors G determine the allowed momentum transfers for diffraction.

Consider a crystalline sample illuminated by an incident plane wave with wave vector k.
Let k' be the wave vector of the scattered wave.
At the volume element dV/, located at position 7 with respect to

the origin O, this phase shift is associated with the mudent-
wave phase factor

elk-r

For the wave scattered in the direction

k', the propagation from dVto a |enbent
distant observation point introduces el

the relative phase factor >y
e—lk T

cattered beam
elk T

Therefore, the total relative phase of the wave scattered by dV is

pi(k=K')7

CIPROC > o
DETTITFCE - Equivalently, the phase difference is (k — k') :

=l
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2.2 RECIPROCAL LATTICE

2.2.3 Diffraction conditions

Assume that the amplitude scattered by a volume element dVis proportional to the local
electron density p (7).
Apart from a constant prefactor, the total scattering amplitude in the direction k' is:

F(Al_c)) = jp () ei(k=K')7 qy = jp (1) e I8k gy
1% 1%
where the integral is evaluated over the crystal volume V, and

Ak =k —k
is the scattering vector.

Using the Fourier expansion of the electron density, we obtain:
F(AK) = z Y f Si(G-8E)F gy
- 14
G

When the scattering vector equals a reciprocal-lattice vector,

Ak =G
the contributions from all unit cells add constructively, F = Vz Pg
G

RECIPROCAL
LATTTICE
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2.2 RECIPROCAL LATTICE

2.2.3 Diffraction conditions

For elastic scattering, the photon energy Aw is conserved. Therefore, the scattered beam
has the same frequency as the incident beam and

K| = k|, k"2 =k2
Starting from the diffraction condition, we can write:
kK—k=G
or equivalently,
k+G=k

Taking the squared magnitude of both sides gives:

k2 4+ G242k -G = k'?
Since k? = k'?, we have:
G24+2k-G=0

- -
If G is a reciprocal-lattice vector, then —G is also a reciprocal-lattice vector.

Replacing G with —5, and denoting the new vector again by 5, gives

RECIPROCAL T 2 2
LATTTICE 2k-G =G
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2.2 RECIPROCAL LATTICE

2.2.3 Diffraction conditions

Writing the scalar product explicitly:
2|E||5|COS¢ = |Cj||5| where ¢ is the angle between G and k.

From Exercise 1, the reciprocal-lattice vector G = hBl + kBZ + ll_53 is normal to the family of
2m R

lattice planes (hkl), whose mterplanar spacing is d(hkl) = 7] . G
k
Since |k| — and |G| =2 the diffraction condition becomes:
27‘[ 21 ~ 4 0 /T'
2— = — "/s\\\

) 7 cos ¥ w/ ‘f

Because Gpy; is normal to the diffracting planes, \/»

d sinf

¢ = 90° — 8, and therefore cos¢ = sen®.

Hence, 2dsenf = A. This is the first-order form of Bragg’s law.

More generally, if (hkl) = n(h'k'l"), then
dh’k’l’
n

Thus, for the family of planes (h'k’'l"):
RECIPROCAL

LATTTICE 2dyrrsin@ = nd (withn = 1,2,3, ...), which is Bragg’s law.

dhkl =
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2.2 RECIPROCAL LATTICE

2.2.4 Laue equations
The diffraction condition Ak = G can be expressed in an equivalent form known as the

Laue equations.

Taking the scalar product of Ak with each primitive direct-lattice vector a;, we obtain.
a, - Ak = 2w,
a_z) - Ak = 277:172

a - Ak = 27y,

where v4, U5, and v3 are integers.

These three equations are the Laue equations. Together, they are equivalent to
the diffraction condition

Ak =G

For a fixed wavelength and crystal orientation, diffraction occurs only
when all three equations are simultaneously satisfied. Experimentally,
this condition can be met by varying the crystal orientation or the

RECIPROCAL o o
LATTTICE wavelength of the incident radiation.
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2.2 RECIPROCAL LATTICE

2.2.4 Laue equations

The Ewald construction provides a geometrical representation of the diffraction condition.
The points in the diagram represent reciprocal-lattice points. Choose one reciprocal-
lattice point O as the endpoint of the incident wave vector k.

Draw an Ewald sphere of radius

k_Zn
2

centred at the origin of k. The sphere therefore passes
through O.

A diffracted beam is produced when another
reciprocal-lattice point lies on the Ewald sphere.

If this point is connected to O by the reciprocal-lattice vector 5, then
k'=k+G,
and hence

=R -F=G
The vector I?’, directed from the centre of the Ewald sphere to the intersected

reciprocal-lattice point, gives the direction of the diffracted beam.

RECIPROCAL - S
LATTTICE If ¢ is the angle between k and G, the Bragg angle is 8 = 90° — ¢.
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2.3 BRILLOUIN ZONES

Brillouin introduced a geometrical description of diffraction conditions that is

fundamental to the theory of electronic energy bands in crystals.
4 )

The first Brillouin zone is the Wigner—Seitz cell of the reciprocal lattice

centred at the reciprocal-lattice origin.
\. 4

The Bragg condition for elastic scattering
2k - G = G2

also applies to electron waves in a crystal. Here, k is the electron wave vector rather than
the wave vector of an incident X-ray beam.

Dividing both sides by 4, we obtain :

q
We now work in reciprocal space, or k-space. The allowed reciprocal-lattice

RECIPROCAL
LATTTICE

vectors G form a discrete lattice, whereas k is a continuous wave vector.
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2.3 BRILLOUIN ZONES

Choose a reciprocal-lattice vector 50 from the origin to the reciprocal-lattice point C.

Construct the plane perpendicular to 5c at its midpoint, 5C/2. This is the Bragg plane
associated with 5C(red line 1 in the figure).

A wave vector k satisfies the Bragg condition when

L (1, 1_.\°
k’ EGC — EGC

Every wave vector whose endpoint lies on this plane,

for example, l_él, satisfies this condition:

1) (1)
kl. EGC - EGC

In fact, writing the scalar product explicitly:

2
| ky | —cos @ = (7C> where 6 is the angle between k;and G.

2
Hence, | k{ | cos 8 = -

This is precisely the equation of the plane perpendicular to ﬁc and passing
RECIPROCAL

LATTTICE through G¢ /2.
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2.3 BRILLOUIN ZONES

By the same reasoning, any wave vector whose endpoint lies on plane 2, such as I_éz,
satisfies the Bragg condition associated with Gp:

(%)-(%)

The planes that are perpendicular bisectors of reciprocal-
lattice vectors are called Bragg planes.

| 2

A wave vector whose endpoint lies on a Bragg plane satisfies the
Bragg condition for the corresponding reciprocal-lattice vector.

Together, all Bragg planes partition reciprocal space into
regions called Brillouin zones.

In the Figure, a 2D-square reciprocal lattice is shown. The
reciprocal-lattice vectors are represented by thin black lines.
The central square is the smallest region around the
origin bounded entirely by these Bragg planes.

It is the Wigner—Seitz cell of the reciprocal lattice and
is called the first Brillouin zone.

Equivalently, the first Brillouin zone is the

RECIPROCAL region of l_c)-space that can be reached from
LATTTICE the origin without crossing any Bragg plane.
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2.3 BRILLOUIN ZONES

Crystal lattice and reciprocal lattice in one dimension
For a 1D direct lattice with lattice spacing

a, the reciprocal-lattice primitive vector is * * — ¢ °
Direct lattice
- 2W
Pt v ek

@ @ @- @ @ @
O 1

The reciprocal-lattice points are located at

2T fe-t fex
G, = TLF,TL € Z.

Reciprocal lattice

The first Brillouin zone is bounded by the points halfway between the origin and the nearest

reciprocal-lattice points: T T
——<k<-—
a a eB
. . . . . .. WL A /
Construction of the first Brillouin zone for an oblique lattice in 2D. .
1. Starting from the reciprocal-lattice origin O, draw M
vectors to the neighbouring reciprocal-lattice points. N\ T / \ =
2. Construct the perpendicular bisector of each vector. "
3. The first Brillouin zone is the region containing g
RECIPROCAL O that is bounded by these bisectors; equivalently, )

LATTTICE it is the Wigner—Seitz cell of the reciprocal lattice. .
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2.3 BRILLOUIN ZONES

2.3.1 Reciprocal lattice of a simple cubic lattice

The primitive translational vectors of a simple cubic lattice are:

[

with %y, @, U, are mutually orthogonal unit vectors. a
The primitive-cell volume is _|uz
U,
- - - Y
V.=d;(d, xd3) = a3 ‘}'\A: 5
ux
Using the general definition of the reciprocal primitive vectors,
— a, X az 2w
a1 * az X a3 a
— az X a; 2T
b, = 2w =—1u,
a1 * az X a3 a
— a;xa, 2m__

al'azxag a

Therefore, the reciprocal lattice of a simple cubic lattice is also simple

RECIPROCAL . . 21
LATTTICE cubic, with lattice constant —
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2.3 BRILLOUIN ZONES

2.3.2 Reciprocal lattice of a body-centered cubic lattice
A possible set of primitive translation vectors for the bcc lattice is:

—_—> a —~~ —~~ —~~
a; = 5 (—ux +u, + uz) where a is the lattice constant
q of the conventional cubic cell
@ZE(@—@‘F@) and U, u,, u, are are
mutually  orthogonal unit

_ a —~ —~~ —~~ i
a; = 5 (ux + 1 — uz) vectors parallel to its edges.
1
The primitive-cell volumeis V =a;-a, X a; = §a3
The reciprocal primitive vectors are
— a, X az 2T,
a1 * az X a3 a
— a; X a; 2Tt
a1 * az X a3 a
— a; X a, 21
b; =2m = U, + U,
RECIPROCAL 3 a; - a, X az a ( X y)

LATTTICE
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2.3 BRILLOUIN ZONES

2.3.2 Reciprocal lattice of a body-centered cubic lattice

The reciprocal primitive vectors obtained above are precisely a set of primitive vectors for an
fcc lattice. Therefore, the reciprocal lattice of a bcc lattice is fcc.

A general reciprocal-lattice vector is

. N — — 21 - _ _—
G = v1b1 + Uzbz + v3b3 = 7 [(vz + vg)ux + (vl + U3)uy + (vl + Uz)uz]

where v¢, U5, and v3 are integers.

The volume of the reciprocal primitive cell is

3
s s — 2T
V*:bl'b2><b3:2<_>

A primitive cell of the reciprocal lattice is the
parallelepiped generated by by, by, b;.

It contains one reciprocal-lattice point: its eight

e ™ vertices are each shared by eight adjacent primitive
LATTTICE cells, giving 1.
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2.3 BRILLOUIN ZONES

2.3.2 Reciprocal lattice of a body-centered cubic lattice

The twelve shortest reciprocal-lattice vectors are

where the two signs in each expression are independent.

Their perpendicular-bisector planes define the Wigner—
Seitz cell of the reciprocal fcc lattice, which is the first

-

Brillouin zone of the direct bec lattice. =iy

The reciprocal-lattice point lies at
the centre of this cell.

The first Brillouin zone of a bcc lattice is a
rhombic dodecahedron, a polyhedron with

RECIPROCAL :

LATTTICE twelve congruent rhombic faces.

/
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2.3 BRILLOUIN ZONES

2.3.2 Reciprocal lattice of a face-centered cubic lattice

A possible set of primitive translation vectors for the fcc lattice is:

1
ai =5 a(i, + ;)
a_2’=§a(ﬁ;+ﬁ;)
1

—

as =§a(ﬂ} +u’\y)

The primitive-cell volume is:

V=a{-a,Xa3=—-a

The corresponding reciprocal primitive vectors are:

a1 * az X a3 a
b, = 2w = (ux —uy + uz)
al ¢ az X a3 a
RECIPROCAL bha=2 a, X a, 2T (G + @ — )
= 27 = u, +u, — U
LATTTICE 3 x y z

al'azxag a
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2.3 BRILLOUIN ZONES

2.3.2 Reciprocal lattice of a face-centered cubic lattice

The vectors El, 1_52, and 53 are primitive translation vectors of a bcc lattice. Therefore, the

reciprocal lattice of an fcc lattice is bcc. / \

The reciprocal primitive-cell volume is 2
s — 2T
V*=b1‘b2><b3=4_

The eight shortest reciprocal-lattice vectors are

where the three signs are independent.

Their  perpendicular-bisector  planes
generate the eight hexagonal faces of the
first Brillouin zone.

Thus, the first Brillouin zone of an
fcc lattice is a truncated
octahedron, with eight hexagonal

RECIPROCAL
LATTTICE faces and six square faces.
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2.4 FOURIER ANALYSIS OF THE BASIS

When the diffraction condition
Ak =G
is satisfied, the scattering amplitude from a crystal containing N primitive cells is

Fz = Nj dVn(7r) e~iGT — NS;
cella

with Sz = fcella dVn(7) e~iG T

is the structure factor of one primitive cell. The origin of the unit
cell may be chosen at any lattice point.

Within the independent-atom approximation, the electron density in the primitive cell can

be written as the sum of the atomic electron densities:
S

n() = ) m( - 7)

j=1

where s is the number of atoms in the basis, 7; is the position of atom j

within the primitive cell, and p;(# — 7:)is the electron density associated
with that atom.

RECIPROCAL
LATTTICE
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2.4 FOURIER ANALYSIS OF THE BASIS

Inserting this last expression into Sz gives:

S
Sg = Z denj(F ~7)e G T
j=1

For the j-th atom, introduce the local coordinate g = 7 — 7, r=p+7,
Then R ﬁ )
e lGT — e—LG-rje—LG-p

and therefore L L
55 — Z e—lG-rj fpj (ﬁ)e—lG°p d3p

j=1

The integral defines the atomic form factor
H@) = [ oy @8
R

Hence, the structure factor can be written as

S
L= () p—iGT
RECIPROCAL 5¢ = sz (G) € !
j=1

LATTTICE
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2.4 FOURIER ANALYSIS OF THE BASIS

The position 17} of atom j in the basis is expressed in fractional coordinates as :
T = Xjaq +yja; + zjas
where x;j, yj, and z; are not, in general, integers.

A reciprocal-lattice vector is:

G = vy1by + Uyb, +Ushs
where v4, U, and v are integers.

Using b; - d; = 2md;;, we obtain

-

G-7 = (v1by + vaby + v3bs) - (xjay + y;a; + zjaz) = 2n(v1x; + v2y; + v37))

Therefore, the structure factor can be written as:
S
55 _ zfje—iZn(lej+v2yj+vgzj)
j=1

The structure factor is generally complex. The diffracted intensity is
proportional to:

RECIPROCAL
LATTTICE

2 __ *
Ingr <I Shxr 1= SnkiShrr-
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2.4 FOURIER ANALYSIS OF THE BASIS

2.4.1 Structure factor of the body-centered cubic lattice

When referred to the conventional cubic cell, a bcc lattice contains two equivalent lattice

points at 11
(x1,¥1,21) = (0,0,0) (x2,¥2,22) = (7'7'7)

For identical atoms with atomic form factor f, the structure factor is:

S = f[l 4 e—in(v1+v2+v3)]

Therefore,

S=0 sev; +U, + U3 isodd

S=2f sevq, +v, + vz Iiseven

Thus, bcc reflections are present only when vy + v, + v3 is even.

For example, in bcc sodium the reflections (100), (300), (111), and
(221) are systematically absent, whereas (200), (110), and (222) are

RECIPROCAL lowed
LATTTICE g owed.
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2.4 FOURIER ANALYSIS OF THE BASIS

2.4.1 Structure factor of the body-centered cubic lattice
Physical interpretation of the extinct (100) reflection?

) . . . Differenza
In a simple cubic lattice, adjacent (100) planes %\difaseh
are separated by a. W

In a bec lattice, an additional plane of equivalent 1puano
p q \ \/ / T

atoms lies halfway between two conventional * g ot 2 g @
(100) planes, at a distance a/2. 3° piano

> 21
For the (100) reflection, the scattering vectoris Gigg = — Uy

a
- a A
The displacement from the first plane to this intermediate planeis Ar = Eux

The relative phase between waves scattered by the two equivalent planes is

Ap = Giog - AT = <2—”ax> : (gax) -

a

The two scattered waves are therefore out of phase by 180°: e AP = p-im — _1,

Since the two planes have the same scattering amplitude f, their
contributions cancel: f+ fe ™" =f—f=0.

RECIPROCAL ™. . : : :
LATTTICE This is why the (100) reflection is systematically absent in a bcc lattice.
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2.4 FOURIER ANALYSIS OF THE BASIS

2.4.2 Structure factor of the face-centered cubic lattice

When referred to the conventional cubic cell, an fcc lattice contains
four equivalent lattice points at

00003 ).GodGho A

For identical atoms with atomic form factor f, the structure factor is: a
S — f[l + e—iTIf(U2+U3) + e—iTl,'(Ul‘l'Ug) + e—iTl,'(Ul'l‘Uz)]

If v{, U, and v5 are all even, each exponential is equal to +1, and Sv1v2v3 = 4f.

If v{, v,, and v3 are all odd, each pairwise sum is even; hence, again, 5U1U2v3 = 4f.

If the indices have mixed parity—some even and some odd—the four terms

cancel and:
SU1U2U3 — O

Therefore, reflections from an fcc lattice are allowed only when v, v,,

RECIPROCAL
LATTTICE and v5 are all even or all odd.
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2.4 FOURIER ANALYSIS OF THE BASIS

2.4.3 Atomic form factor

In the expression for the structure factor, f](ﬁ) is the

atomic form factor of atom j. It is the scattering amplitude
associated with the electron density of that atom.

It has been defined as the Fourier transform of the electron density pj(F) associated with a
single atom: > e iR
£(G) = j p; () e"i67 ddr.
]RS
Let O be the angle between G and 7. Then:

G -7 = Greosa
If the electron density has spherical symmetry about the atomic center, p;(¥) = p;(r),
it is convenient to use spherical coordinates with the polar axis parallel to G.

= r € 10,400
Using spherical coordinates (r, a, ¢), X = TSenacosy _ [0, +0)
y = rsenasenywithy «a € [0, 7]
= 9 € |0,2
The Jacobian of the transformation is Z=reosa [0, 2]

senasend rcosasend rsenacosy
cosa —rsena 0

RECIPROCAL
LATTTICE

senacosyd rcosacos’d —rsenasend’d
] = det = r?sena
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2.4 FOURIER ANALYSIS OF THE BASIS

2.4.3 Atomic form factor

Therefore,
d3r = dxdydz = r?sina dr da de.

With the polar axis chosen along 6, the atomic form factor
becomes

2T 0 1
£;(G) =f d(pJ r? drf pj (r) e7'67* dx
0 0 —1
with x = cos a.

Since p; (r) does not depend on the angular variables

0o , 1 . 00 , eiGr _ e—iGr
— —1GT —_
fi(G) = ano rp;(r) U_le iGTx dx] dr = ano rp;() Gy dr
Therefore
0 sin(Gr)
RECIPROCAL fj(G) = 4”[ re ,0]'(7‘) oy dr
LATTTICE 0
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2.4 FOURIER ANALYSIS OF THE BASIS

2.4.3 Atomic form factor

sin(Gr)
Gr

-1

For G = 0,

co

and hence fj(o) = 47Tj r? Pj(’”) dr = Z;
0

where Z; is the number of electrons of atom j.

If all the electronic charge were concentrated at 7 = 0, then fj(G) = Zj for every G.

Thus, at zero scattering vector, the atomic form factor equals the total electronic charge of
the atom, expressed in units of the electron charge.

fi(G
Zj
compares the scattering amplitude from the spatially extended electron cloud

with that from the same number of electrons concentrated at a point.

In the independent-atom approximation, the electron density in a solid is
considered as a superposition of free-atom electron densities. This
approximation is accurate for the core electrons, which provide most of
the X-ray scattering power. Valence electrons are redistributed when
RECIPROCAL chemical bonds form. These redistributions can affect diffraction
P |ICE intensities.

More generally, the normalized quantity
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2.5 PROBLEMS

s
EXERCISE 2

Show that the volume I of the primitive cell of the reciprocal lattice is
V2t = (2m)3/V,, where V. is the volume of the primitive cell of the direct crystal.

The reciprocal primitive-cell volume is /
I/C* = b]_ . (bz X b3) with:

Let’s define:

D=C_l)1'(6_l)2><c_l>3), ‘/C=|DI

(ap X az) - [(az X d;) x (dy X dp)] \

J
N

v =By - (B, x bs)| = ‘(271)3 —

Using the vector identity (d3 X d,) X (d; X d,) =D a,

the numerator becomes (d, X d3) - (Dd,;) = D d, - (d, X d3) = D?

_@2n)®  (@2n)?
Dl W

DZ
D3

Therefore, V. = ‘(Zﬂ)g
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2.5 PROBLEMS

a EXERCISE 3

Consider a one-dimensional chain of M identical point scatterers located at
rm=mdm=0,1,..,M—1.

Determine the scattered intensity as a function of the scattering vector AE the
kpositions of the diffraction maxima, and their width.

J

Consider a linear chain with lattice spacinga =| a | :

O O O O
4 © © @
a

The scattering amplitude is generally: F(AE) = Jp (1) e~ IbkF 3,

For M identical point scatterers, the electron density can be written as

M—1
TGEDICIGELS

m=0 M-1
Therefore, the integral becomes a sum F(Az) = g "Bk Tm

m=0
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2.5 PROBLEMS

M-1 M-1
The scattering amplitude is: F(AE) - oAk T — z p—imAk-d
m=0 m=0
M-1 v
Using the finite geometric-series identity z x™M = 11_ xx ,

m=0

1 — e—iMAE-C_l)

with x = e~iAka. F(Al_c)) = ——
1 — e~ tAk-a

The scattered intensity is proportional to the squared modulus of the amplitude:

1(Ak) | F(Ak) 1>= F(Ak) F*(Ak)

1 — e—iMAE-a 1 — eiMAE-a 7 _ p—iMAK-d _ ,iMAk-d

%
So: ](Ak)o( — — = ——— —=
1 — e—lAk-a 1 — eLAk-a 2 — e—lMAk-a _ elMAk-a

N 17 5
_2- 2cos(MAk - @) B sen” (i MAfk - a)

~ 2—-2cos(Ak-d) sen? (%N; , c_i)
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2.5 PROBLEMS

The principal diffraction maxima occur when

Ak - d = 2mh heZ
At these points, the limit of the intensity is
Ipax X M?

Thus, the positions of the diffraction maxima
are determined by the lattice spacing a,

whereas the number M of scattering centres "o
determines their intensity and width. 075
To determine the width of a g
principal  diffraction  maximum, £ 0501
consider a small displacement ¢ 2
from the maximum: s 0251
5 Z ‘
Ak -a =2mh+ ¢ 0,00 +——
03 -02

where € = 0 corresponds to the
maximum.
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2.5 PROBLEMS

The numerator of the intensity is

sin (% Ak - &) = sin [M (nh + ;)]

_ ‘Me (Mg
= sin(Mmh) cos (7) + cos(Mmh) sin (T)
Since M and h are integers
: 1,001 sen? (1 MAK - EL)
sin(Mmh) = 0, cos(Mmh) = +1 ’ 2
| 1 g -
2 (= Ak -
Therefore, _ 0751 sen (2 & a)
sin (—Ak : a) = +sin (—) < M =100
2 2 g 0,501
The first zeros on either side of the E
maximum occur when  pf¢ § 0:251
— = in § :
2 0,00 f————rit e e
5 03 -02 01 00 01 02 03
n Ak -G

that is E= 1+ —
> 41t
the full width between the first zeros is A(Ak ) a) = M
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2.5 PROBLEMS
/EXERCISE4 \

Determine the structure factor of the diamond structure and show that reflections are
allowed when:

h, k, and [ are all odd,
or when

\ h, k,and lare allevenand h + k + | = 4n, n € Z. /

The diamond structure consists of two interpenetrating fcc lattices displaced by

J=%(ax+ay+az).

Its conventional cubic cell can be regarded as an fcc lattice with the two-atom basis

©.0,0)(3.3.3)

For identical atoms with atomic form factor f, the structure factor factorises
into the fcc contribution and the basis contribution:

__ cbasis fcc
Shkt = Suri > X Spii
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2.5 PROBLEMS

— cbasis fcc
Shikl = Shikl X Shki
The corresponding basis factor is

. i |
Sitl)lgisls _ f[l + e—Lin(v1+v2+v3)]

The fcc lattice factor is

S’fﬁ{cl =1+ e—in(v2+v3) + e—in(v1+v3) + e—in(v1+v2)

Therefore, the structure factor of the diamond structure is

S — f[l _|_ e_i%n(vl+v2+v3) ][1 _|_ e—in(U2+U3) + e—iT[(U1+U3) + e—iTC(Ul'l‘Uz)]

For the fcc, SIS # 0 only when vy, v,, and v5 are all even or all odd and S£S5 = 4.

For diamond, the additional basis factor is f ll + e_iE(h+k+l)]

* Ifvy, vy, and vz are all even: vy + v, + v3 = 2m, for which S, ,, . = 8f.

e If vy, v,, and v5 are all odd:v; +v, +v3=2n+1,n €%,
T

SU1U2U3= 4f ll + e_i2(2n+1)] — 4f(1 i l)
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     a 2 → ∙ Δ  k → = 2 𝜋  v 2


     a 3 → ∙ Δ  k → = 2 𝜋  v 3


   v 1


   v 2


   v 3  


   G → =  v 1    b 1 → +  v 2    b 2 → +  v 3    b 3 →


     b → i ⋅    a → j = 2 𝜋  𝛿  i j


  Δ  k → =  G →


  𝑶


  O


   k →


  k =   2 𝜋 𝜆


   k →


  O


  O


   G →


     k → ′ =  k → +  G → ,


  Δ  k → =    k → ′ −  k → =  G → .


     k → ′


  𝜙


   k →


   G →


  𝜃 = 90 ° − 𝜙


  4


   k → ∙  (  1 2  G → ) =    (  1 2 G ) 2


   k →


   G →


   k →


  2  k → ∙  G → =  G 2


   k →


   k →


     k → 1 ,


     G → C


  C


     G → C


     G → C / 2


     G → C


   k → ∙  (  1 2    G C → ) =    (  1 2    G C → ) 2


     k 1 → ∙  (  1 2    G C → ) =    (  1 2    G C → ) 2


  ∣    k → 1 ∣  cos ⁡ 𝜃 =    G C 2


  ∣    k → 1 ∣    G C 2  cos ⁡ 𝜃 =    (    G C 2 ) 2


     G → C


     G → C / 2


  𝜃  


     k → 1


     G → C


     k → 2


     G → D


     k → 2 ⋅  (      G → D 2 ) =    (    G D 2 ) 2


   k →


  a


   b → =   2 𝜋 a    x ^


   G n = n   2 𝜋 a ,   n ∈ ℤ .


  O


  −  𝜋 a ≤ k ≤  𝜋 a


  O  


     u x ^


     u y ^


     u z ^


   V c =    a → 1 ⋅  (    a → 2 ×    a → 3 ) =  a 3


     u x ^


     u y ^


     u z ^


     b 1 → = 2 𝜋      a 2 → ×    a 3 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a    u x ^


     b 2 → = 2 𝜋      a 3 → ×    a 1 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a    u y ^


     b 3 → = 2 𝜋      a 1 → ×    a 2 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a    u z ^


    2 𝜋 a


     a → 1 = a    u ^ x ,        a → 2 = a    u ^ y ,        a → 3 = a    u ^ z ,


     a 1 → =  a 2  ( −    u x ^ +    u y ^ +    u z ^ )


     a 2 → =  a 2  (    u x ^ −    u y ^ +    u z ^ )


     a 3 → =  a 2  (    u x ^ +    u y ^ −    u z ^ )


  a


     u x ^


     u y ^


     u z ^


  V =    a 1 → ∙    a 2 → ×    a 3 → =  1 2  a 3


     b 1 → = 2 𝜋      a 2 → ×    a 3 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a  (    u y ^ +    u z ^ )


     b 2 → = 2 𝜋      a 3 → ×    a 1 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a  (    u x ^ +    u z ^ )


     b 3 → = 2 𝜋      a 1 → ×    a 2 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a  (    u x ^ +    u y ^ )


   G → =  v 1    b 1 → +  v 2    b 2 → +  v 3    b 3 → =   2 𝜋 a  [  (  v 2 +  v 3 )    u x ^ +  (  v 1 +  v 3 )    u y ^ +  (  v 1 +  v 2 )    u z ^ ]


     b 1 →


     b 2 →


     b 3 →


   V ∗ =    b 1 → ∙    b 2 → ×    b 3 → = 2    (   2 𝜋 a ) 3


     b 1 → =   2 𝜋 a  (    u y ^ +    u z ^ )


     b 2 → =   2 𝜋 a  (    u x ^ +    u z ^ )


     b 3 → =   2 𝜋 a  (    u x ^ +    u y ^ )


   v 1


   v 2


   v 3


     b 1 → =   2 𝜋 a  (    u y ^ +    u z ^ )


     b 2 → =   2 𝜋 a  (    u x ^ +    u z ^ )


     b 3 → =   2 𝜋 a  (    u x ^ +    u y ^ )


    2 𝜋 a  ( ±    u ^ y ±    u ^ z )


    2 𝜋 a  ( ±    u ^ x ±    u ^ z )


    2 𝜋 a  ( ±    u ^ x ±    u ^ y )


     a 1 → =  1 2 a  (    u y ^ +    u z ^ )


     a 2 → =  1 2 a  (    u x ^ +    u z ^ )


     a 3 → =  1 2 a  (    u x ^ +    u y ^ )


  V =    a 1 → ∙    a 2 → ×    a 3 → =  1 4  a 3


     b 1 → = 2 𝜋      a 2 → ×    a 3 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a  ( −    u x ^ +    u y ^ +    u z ^ )


     b 2 → = 2 𝜋      a 3 → ×    a 1 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a  (    u x ^ −    u y ^ +    u z ^ )


     b 3 → = 2 𝜋      a 1 → ×    a 2 →     a 1 → ∙    a 2 → ×    a 3 → =   2 𝜋 a  (    u x ^ +    u y ^ −    u z ^ )


     b → 1


     b → 2


     b → 3


   V ∗ =    b 1 → ∙    b 2 → ×    b 3 → = 4    (   2 𝜋 a ) 3


    2 𝜋 a  ( ±    u x ^ ±    u y ^ ±    u z ^ )


     b 1 → =   2 𝜋 a  ( −    u x ^ +    u y ^ +    u z ^ )


     b 2 → =   2 𝜋 a  (    u x ^ −    u y ^ +    u z ^ )


     b 3 → =   2 𝜋 a  (    u x ^ +    u y ^ −    u z ^ )


   F   G →   = N   ∫  c e l l a  d V n  (  r → )  e  − i  G →   ∙  r →   = N  S   G →  


   S   G →   =


    ∫  c e l l a  d V n  (  r → )  e  − i  G →   ∙  r →  


  s


     r → j


  j


   𝜌 j  (  r → −    r → j )


  n  (  r → ) =   ∑  j = 1 s    n j (  r → −    r j → )


  F =  ∫  d V n  (  r → )  e  − i  G → ∙  r →  


  Δ  k → =  G →


   S   G →  


   S   G →   =   ∑  j = 1 s   ∫   d V  n j (  r → −    r j → )  e  − i  G →   ∙  r →  


  j


   S   G →   =


    ∫  c e l l a  d V n  (  r → )  e  − i  G →   ∙  r →  


  n  (  r → ) =   ∑  j = 1 s    n j (  r → −    r j → )


   𝜌 → =  r → −    r → j ,      r → =  𝜌 → +    r → j


   e  − i  G → ⋅  r → =  e  − i  G → ⋅    r → j  e  − i  G → ⋅  𝜌 →


   S   G → =   ∑  j = 1 s   e  − i  G → ⋅    r → j  ∫   𝜌 j  (  𝜌 → )  e  − i  G → ⋅  𝜌 →    d 3 𝜌


   f j  (  G → ) =   ∫   ℝ 3   𝜌 j  (  𝜌 → )  e  − i  G → ⋅  𝜌 →    d 3 𝜌


   S   G → =   ∑  j = 1 s   f j  (  G → )    e  − i  G → ⋅    r → j


     r → j


  j  


     r j → =  x j    a 1 → +  y j    a 2 → +  z j    a 3 →


   G → =  𝜐 1    b 1 → +  𝜐 2    b 2 → +  𝜐 3    b 3 →


   𝜐 1


   𝜐 2


   𝜐 3


   G → ∙    r j → =  (  𝜐 1    b 1 → +  𝜐 2    b 2 → +  𝜐 3    b 3 → ) ∙  (  x j    a 1 → +  y j    a 2 → +  z j    a 3 → ) = 2 𝜋  (  𝜐 1  x j +  𝜐 2  y j +  𝜐 3  z j )


   S   G →   =   ∑  j = 1 s   f j  e  − i 2 𝜋  (  𝜐 1  x j +  𝜐 2  y j +  𝜐 3  z j )  


     b → i ⋅    a → j = 2 𝜋  𝛿  i j


   S   G →   =   ∑  j = 1 s   f j  e  − i  G →   ∙    r j →  


   x j


   y j


   z j


   I  h k l ∝ ∣  S  h k l  ∣ 2 =  S  h k l  S  h k l ∗ .


  S = f  [ 1 +  e  − i 𝜋  (  𝜐 1 +  𝜐 2 +  𝜐 3 ) ]


  S = 0                                   s e    𝜐 1 +  𝜐 2 +  𝜐 3       i s   o d d


  S = 2 f                                   s e    𝜐 1 +  𝜐 2 +  𝜐 3       i s   e v e n


   S   G →   =   ∑  j = 1 s   f j  e  − i 2 𝜋  (  𝜐 1  x j +  𝜐 2  y j +  𝜐 3  z j )  


   (   x 1 ,   y 1 ,   z 1 ) =  ( 0 , 0 , 0 )


   (   x 2 ,   y 2 ,   z 2 ) =  (   1 2 ,   1 2 ,   1 2 )


   𝜐 1 +  𝜐 2 +  𝜐 3


   ( 100 )


   ( 100 )


  a / 2


   ( 100 )


  a


   ( 100 )


     G → 100 =   2 𝜋 a    u ^ x


  Δ  r → =  a 2    u ^ x


  Δ 𝜙 =    G → 100 ⋅ Δ  r → =  (   2 𝜋 a    u ^ x ) ⋅  (  a 2    u ^ x ) = 𝜋


   180 ∘


   e  − i Δ 𝜙 =  e  − i 𝜋 = − 1 .


  f


  f + f  e  − i 𝜋 = f − f = 0 .


   ( 100 )


  S = f  [ 1 +  e  − i 𝜋  (  𝜐 2 +  𝜐 3 ) +  e  − i 𝜋  (  𝜐 1 +  𝜐 3 ) +  e  − i 𝜋  (  𝜐 1 +  𝜐 2 ) ]


  f


   S   G →   =   ∑  j = 1 s   f j  e  − i 2 𝜋  (  𝜐 1  x j +  𝜐 2  y j +  𝜐 3  z j )  


   ( 0 , 0 , 0 ) ,    ( 0 ,   1 2 ,   1 2 ) ,    (   1 2 , 0 ,   1 2 ) ,    (   1 2 ,   1 2 , 0 ) .


   𝜐 1


   𝜐 2


   𝜐 3


  + 1


   S   𝜐 1  𝜐 2  𝜐 3 = 4 f .


   𝜐 1


         𝜐 2


   𝜐 3  


   S   𝜐 1  𝜐 2  𝜐 3 = 4 f .


   S   𝜐 1  𝜐 2  𝜐 3 = 0


   𝜐 1


     𝜐 2


   𝜐 3  


   f j  (  G → )


  j


  𝜃  


   G →


   r →


   S   G →   =   ∑  j = 1 s   f j  e  − i 2 𝜋  (  𝜐 1  x j +  𝜐 2  y j +  𝜐 3  z j )  


   𝜌 j  (  r → )


   f j  (  G → ) =   ∫   ℝ 3   𝜌 j  (  r → )    e  − i  G → ⋅  r →    d 3 r .


   G →   ∙  r → = G r c o s 𝛼


   𝜌 j  (  r → ) =  𝜌 j  ( r )


   G →


   ( r , 𝛼 , 𝜑 )


   {    x = r s e n 𝛼 c o s 𝜗   y = r s e n 𝛼 s e n 𝜗   z = r c o s 𝛼


   {    r ∈ [ 0 ,   + ∞ )   𝛼 ∈ [ 0 ,   𝜋 ]   𝜗 ∈ [ 0 ,   2 𝜋 ]


  J = d e t  (    s e n 𝛼 c o s 𝜗  r c o s 𝛼 c o s 𝜗  − r s e n 𝛼 s e n 𝜗   s e n 𝛼 s e n 𝜗  r c o s 𝛼 s e n 𝜗  r s e n 𝛼 c o s 𝜗   c o s 𝛼  − r s e n 𝛼  0 ) =  r 2 s e n 𝛼


   d 3 r = d x   d y   d z =  r 2  sin ⁡ 𝛼   d r   d 𝛼   d 𝜑 .


   f j  (  G → ) =   ∫   ℝ 3   𝜌 j  (  r → )    e  − i  G → ⋅  r →    d 3 r


   G →


   f j  ( G ) =   ∫ 0  2 𝜋 d 𝜑   ∫ 0 ∞   r 2   d r   ∫  − 1 1   𝜌 j  ( r )    e  − i G r x   d x


   G →   ∙  r → = G r c o s 𝛼


   𝜌 j  ( r )


      f j  ( G )  = 2 𝜋   ∫ 0 ∞   r 2  𝜌 j  ( r )  [   ∫  − 1 1   e  − i G r x   d x ] d r = 2 𝜋   ∫ 0 ∞   r 2  𝜌 j  ( r )    e  i G r −  e  − i G r  i G r   d r   .


   f j  ( G ) = 4 𝜋   ∫ 0 ∞   r 2  𝜌 j  ( r )   sin ⁡  ( G r )  G r   d r


  x =  cos ⁡ 𝛼


   f j  ( G ) = 4 𝜋   ∫ 0 ∞   r 2  𝜌 j  ( r )   sin ⁡  ( G r )  G r   d r


  r = 0


   f j  ( G ) =  Z j


  G


  G = 0


    sin ⁡  ( G r )  G r → 1


   f j  ( 0 ) = 4 𝜋   ∫ 0 ∞   r 2  𝜌 j  ( r )   d r =  Z j


   Z j


  j


     f j  ( G )   Z j


   V c ∗


       V c ∗ =  ( 2 𝜋 ) 3 /   V C


   V C


     b 1 → = 2 𝜋      a 2 → ×    a 3 →     a 1 → ∙    a 2 → ×    a 3 →


     b 2 → = 2 𝜋      a 3 → ×    a 1 →     a 1 → ∙    a 2 → ×    a 3 →


     b 3 → = 2 𝜋      a 1 → ×    a 2 →     a 1 → ∙    a 2 → ×    a 3 →


   V c ∗ =    b → 1 ⋅  (    b → 2 ×    b → 3 )


  D =    a → 1 ⋅  (    a → 2 ×    a → 3 ) ,      V c = ∣ D ∣ .


      V c ∗  =  ∣    b → 1 ⋅  (    b → 2 ×    b → 3 ) ∣  =  ∣    ( 2 𝜋 ) 3    (    a → 2 ×    a → 3 ) ⋅  [  (    a → 3 ×    a → 1 ) ×  (    a → 1 ×    a → 2 ) ]   D 3 ∣


   (    a → 3 ×    a → 1 ) ×  (    a → 1 ×    a → 2 ) = D      a → 1


      (    a → 2 ×    a → 3 ) ⋅  ( D    a → 1 )  = D      a → 1 ⋅  (    a → 2 ×    a → 3 )  =  D 2


   V c ∗ =  ∣    ( 2 𝜋 ) 3    D 2   D 3 ∣ =      ( 2 𝜋 ) 3  ∣ D ∣ =      ( 2 𝜋 ) 3   V c


  M


     r → m = m  a → ,   m = 0 , 1 , … , M − 1 .


  Δ  k →


  F  ( Δ  k → ) =  ∫ 𝜌  (  r → )    e  − i Δ  k → ⋅  r →    d 3 r


  a = ∣  a → ∣  


  a


  M


  𝜌  (  r → ) =   ∑  m = 0  M − 1 𝛿  (  r → −    r → m )


  F  ( Δ  k → ) =   ∑  m = 0  M − 1   e  − i Δ  k → ⋅    r → m


  x =  e  − i Δ  k → ∙  a →  


  F  ( Δ  k → ) =   ∑  m = 0  M − 1   e  − i Δ  k → ⋅    r → m =   ∑  m = 0  M − 1   e  − i m Δ  k → ⋅  a →


    ∑  m = 0  M − 1   x m =   1 −  x M  1 − x ,


  F  ( Δ  k → ) =   1 −  e  − i M Δ  k → ⋅  a →  1 −  e  − i Δ  k → ⋅  a →


  I  ( Δ  k → ) ∝ ∣ F  ( Δ  k → )  ∣ 2 = F  ( Δ  k → )    F ∗  ( Δ  k → )


  I  ( Δ  k → ) ∝   1 −  e  − i M Δ  k → ∙  a →    1 −  e  − i Δ  k → ∙  a →     1 −  e  i M Δ  k → ∙  a →    1 −  e  i Δ  k → ∙  a →   =   2 −  e  − i M Δ  k → ∙  a →   −  e  i M Δ  k → ∙  a →    2 −  e  − i M Δ  k → ∙  a →   −  e  i M Δ  k → ∙  a →   =   2 − 2 c o s  ( M Δ  k → ∙  a → )  2 − 2 c o s  ( Δ  k → ∙  a → ) =     s e n 2  (  1 2 M Δ  k → ∙  a → )    s e n 2  (  1 2 Δ  k → ∙  a → )


    s e n 2  (  𝛼 2 ) =   1 − c o s 𝛼 2


  Δ  k → ∙  a →


      s e n 2  (  1 2 M Δ  k → ∙  a → )    s e n 2  (  1 2 Δ  k → ∙  a → )


  M = 100


  𝜺


  a


  M


  I  ( Δ  k → ) ∝     s e n 2  (  1 2 M Δ  k → ∙  a → )    s e n 2  (  1 2 Δ  k → ∙  a → )


  Δ  k → ∙  a → = 2 𝜋 h


  h ∈ ℤ


   I max ∝  M 2


  𝜀


  Δ  k → ⋅  a → = 2 𝜋 h + 𝜀


  𝜀 = 0


  s e n  ( 𝛼 + 𝛽 ) = s e n 𝛼 c o s 𝛽 + s e n 𝛽 c o s 𝛼


  Δ  k → ∙  a →


      s e n 2  (  1 2 M Δ  k → ∙  a → )    s e n 2  (  1 2 Δ  k → ∙  a → )


  M = 100


  𝜺


  I  ( Δ  k → ) ∝     s e n 2  (  1 2 M Δ  k → ∙  a → )    s e n 2  (  1 2 Δ  k → ∙  a → )


      sin ⁡   (  M 2 Δ  k → ⋅  a → )  =  sin ⁡   [ M  ( 𝜋 h +  𝜀 2 ) ]   . = sin ⁡  ( M 𝜋 h )  cos ⁡   (   M 𝜀 2 ) + cos ⁡  ( M 𝜋 h )  sin ⁡   (   M 𝜀 2 )


  M


  h


  sin ⁡  ( M 𝜋 h ) = 0 ,     cos ⁡  ( M 𝜋 h ) = ± 1


   sin ⁡   (  M 2 Δ  k → ⋅  a → ) = ±  sin ⁡   (   M 𝜀 2 )


    M 𝜀 2 = ± 𝜋


  𝜀 = ±   2 𝜋 M


  Δ  ( Δ  k → ⋅  a → ) =   4 𝜋 M


  h ,  k , and  l  are all odd,


  h ,  k , and  l  are all even and  h + k + l = 4 n ,     n ∈ ℤ .


   d → =  a 4  (    u ^ x +    u ^ y +    u ^ z ) .


   ( 0 , 0 , 0 ) ,    (   1 4 ,   1 4 ,   1 4 )


  f


      S  h k l =  S  h k l basis  ×  S  h k l fcc


  S = f  [ 1 +  e  − i  1 2 𝜋  (    𝜐 1 + 𝜐 2 +  𝜐 3 )   ]  [ 1 +  e  − i 𝜋  (  𝜐 2 +  𝜐 3 ) +  e  − i 𝜋  (  𝜐 1 +  𝜐 3 ) +  e  − i 𝜋  (  𝜐 1 +  𝜐 2 ) ]


      S  h k l =  S  h k l basis  ×  S  h k l fcc


   S  h k l basis = f  [ 1 +  e  − i  1 2 𝜋  (    𝜐 1 + 𝜐 2 +  𝜐 3 ) ]


   S  h k l fcc = 1 +  e  − i 𝜋  (  𝜐 2 +  𝜐 3 ) +  e  − i 𝜋  (  𝜐 1 +  𝜐 3 ) +  e  − i 𝜋  (  𝜐 1 +  𝜐 2 )


   S   G →   =   ∑  j = 1 s   f j  e  − i 2 𝜋  (  𝜐 1  x j +  𝜐 2  y j +  𝜐 3  z j )  


   𝜐 1


   𝜐 2


   𝜐 3  


   𝜐 1 +  𝜐 2 +  𝜐 3 = 2 n + 1 ,   n ∈ ℤ ,             S   𝜐 1  𝜐 2  𝜐 3 = 4 f  [ 1 +  e  − i  𝜋 2  ( 2 n + 1 ) ] = 4 f  ( 1 ± i ) .


   S  h k l fcc ≠ 0


   𝜐 1


   𝜐 2


   𝜐 3  


   S  h k l fcc = 4 .


  f  [ 1 +  e  − i  𝜋 2  ( h + k + l ) ]


   𝜐 1


   𝜐 2


   𝜐 3  


   𝜐 1 +  𝜐 2 +  𝜐 3 = 2 m


     S   𝜐 1  𝜐 2  𝜐 3 = 8 f .

