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3.1 INTRODUCTION

Much of solid-state physics concerns the calculation of the energy eigenstates and
eigenvalues of a system of interacting electrons and nuclei. In principle, the system is
described by the many-particle Hamiltonian:

- z a9,
anl lRl }?y

ESN

Here, the sums run over all charged particles—electrons and nuclei—of the solid; m; it is
the mass of the electron or nucleus, q; it is its charge.

Despite its compact form, this Hamiltonian is extremely difficult to solve. Even
numerical solutions become impractical for systems containing more than a few
tens of interacting particles. A mole of material contains approximately 1043
particles, so a tractable description requires a hierarchy of approximations, many
of which can be systematically controlled.

The goal of solid-state theory is therefore to construct simplified models
that retain the relevant physics while allowing the resulting equations to
be solved analytically or numerically. Their validity must ultimately be
assessed by comparison with experiment.

BAND
STRUCTURE
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3.1 INTRODUCTION

3.2.1 Single-electron model

The simplest model of a metal is the free-electron gas, also called the ideal Fermi gas.

In this model, the conduction electrons are treated as non-interacting particles moving

freely inside a box. Electron—electron interactions and the periodic potential generated by
the ion cores are neglected. The Pauli exclusion principle is retained.

When this model is applied to a metal, only the valence electrons that participate in

electrical conduction are considered. The ion cores provide a uniform neutralising
background.

The free-electron gas accounts for several important properties of simple metals,

but it cannot describe all solids. In particular, it is inadequate for insulators,
semiconductors, and magnetic materials.

A key feature of the model is that the total energy is the sum of the energies of
independent electrons
E = z &i.
i

Many results can therefore be derived from the more general

BAND : - -
in ndent-electron, or single-particle, m .
STRUCTURS dependent-electron, or single-particle, mode
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3.2 FREE ELECTRON GAS

3.2.1 Single-electron model

Let us start from the independent-electron Hamiltonian:

)

Yy ..ry) = EV( .. Ty)

This equation describes N conduction electrons moving independently in an external
potential U(7}). Electron—electron interactions are neglected.

The one-electron eigenfunctions are obtained from:

h20?
(— - +U(ﬁ>>¢l(ﬁ> = (1)

The wavefunction of the N -electron system is constructed by
antisymmetrizing the occupied one-electron states, yielding a Slater
determinant. This antisymmetry accounts for the Pauli exclusion principle.
Therefore, within the independent-electron approximation, the total
energy is:

E = Z €l
BAND

STRUCTURE l € occupied
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3.2 FREE ELECTRON GAS

3.2.1 Single-electron model

Although the independent-electron approximation can be applied to a large number of
electrons, the problem reduces to solving a one-electron equation.
For a general potential U(7}), however, the Schrédinger equation cannot usually be

solved analytically..
In the free-electron-gas model, both the electron—ion potential and electron—electron
interactions are neglected. Therefore, U(r) = 0 and the Hamiltonian becomes::

I:ILP(I‘l, ey I‘N) — ELP(I‘L ey I‘N)

This Hamiltonian describes N noninteracting electrons moving freely inside the
crystal volume. Its eigenfunctions and eigenvalues can be determined analytically

once suitable boundary conditions are specified.

A wavefunction that vanishes at the boundaries would describe
electrons confined in a box. This is not appropriate for a bulk crystal,

BAND which is instead described by periodic boundary conditions.
STRUCTURE
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3.2 FREE ELECTRON GAS

3.2.1 Single-electron model

We impose Born—von Karman periodic boundary conditions by considering a cubic
box of side L, with volume V = L3:

lp(.",Xy'+'L,yy,ZP.") ::lp(.",}a,}y,ZP.")
lp(.",ky,}7'+'L,Zp.") ::lp(.",}y,}y,ZP.")
lp(.",ky,)q,ziﬁ'l”.") ::‘P(.",Ag,)g,zy,".)

These conditions make the finite system equivalent to an infinite periodic repetition of the

same volume. They remove surface effects and provide an appropriate description of a
crystal. For a free-electron gas, the one-electron eigenstates are plane waves:

1
le:\/—Ve

The periodic boundary conditions restrict the allowed wavevectors to:

ik-7

2T ) ) .
k=— (neX + ny¥ + n,2), Ny, Ny, Ny € Z
The factor 1/4/V ensures normalization over the crystal volume:

BAND f|1/)k(1')|2 d*r =1
114
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3.2 FREE ELECTRON GAS

3.2.2 Fermi sphere

The energy eigenvalue of a free electron with wavevector K is:

h2k?
&k =

2m

The many-electron ground state is obtained by filling the available one-electron states in
order of increasing energy. Because electrons are fermions, the many-electron
wavefunction must be antisymmetric under the exchange of two electrons.

According to the Pauli exclusion principle, each spatial state labelled by k can be occupied
by at most two electrons, provided that they have opposite spin.

The filling starts from the state k = 0, followed by the degenerate states with the
smallest nonzero values of |K|. Since the energy depends only on k = |K|,

h2k?
&k =

)

2m

all states with the same value of k have the same energy. Therefore,
at zero temperature, the occupied states fill a sphere in K-space,

BAND called the Fermi sphere. Its radius is the Fermi wavevector k.
STRUCTURE
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3.2 FREE ELECTRON GAS

3.2.2 Fermi sphere

For each one-electron spin state (K, o), the occupation number is defined as.

0, ifthe state is empty.

At zero temperature, the ground state of a system containing N electrons is obtained by
filling all the lowest-energy states. Thus.

fke =1 for |kl <kp,
fke =0 for K| > k.

The quantity kyp is called the Fermi wavevector. The surface
defined by
K| = kg

1, if the state is occupied,
fxo =

Fermi Surface

is the Fermi surface; for a free-electron gas, it is a sphere, called the Fermi sphere.
Each allowed K -value corresponds to two one-electron states, one for each spin

orientation. At zero temperature, all the states inside the Fermi sphere are
occupied, whereas all states outside it are empty.
The spherical shape minimizes the total energy because the single-electron
energy depends only on k?: h2k?

BAND c
STRUCTURE k= 9
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3.2 FREE ELECTRON GAS

3.2.3 Density of states

For a free-electron gas confined to a cubic volume V = L3, the periodic boundary
conditions allow only the wavevectors

2T . ) )
k= - (neX + nyy + n,2), Ny, Ny, N, € L.

The allowed K-points form a cubic grid in K-space, with spacing 2m/Lalong each direction.
Therefore, each allowed K -value occupies a volume

2\’ (2m)?
T) v

Ak Ay, Ak, = <

At zero temperature, all states inside the Fermi sphere are occupied. Taking into account
the two possible spin states for each Kk -value, the number of electrons is

4 3
§7TkF 4

(2r/L)3  3m?
From the relation between the electron density and the Fermi wavevector,

3
BAND n = ﬂ — _kF
STRUCTURE V ~ 372

N =2

K3
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3.2 FREE ELECTRON GAS

3.2.3 Density of states

we obtain: 1/3

N
kp = <3n2 —) = (3n%n)1/3
|74
The electron velocity at the Fermi surface is the Fermi velocity:
hk h
vp = — = — (3n2n)1/3
m m
The energy of a state on the Fermi surface is called the Fermi energy:
h%kz  h?
Ep = = 3m2n)?/3,
F 2m 2m ( )

At zero temperature, Er is the energy of the highest occupied one-electron state. The
Fermi surface is the set of wavevectors satisfying

gk — EF'
For a free-electron gas, the Fermi surface is a sphere of radius k.
Combining the expressions for kr and Er, we obtain:

2 2/3 2
BAND EF h (37.[2 ﬂ) — h (37T27’l)2/3,
2m

:2m V
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http://www.presentationgo.com/

3.2 FREE ELECTRON GAS

3.2.3 Density of states

Let V' (E) be the number of one-electron states with energy
less than or equal to E. For a free-electron gas,

3/2
N(E) = 3V (2mE>

w2\ h?

The density of states is defined as the number of states per unit energy:

3/2
D(E):dN(E): 14 <2m) JE

dE 212 \ h?

Equivalently, 3NV (E)
D(E) = -————
2 E

Thus, apart from the numerical factor 3/2, the density of available one-electron
states at the Fermi energy is of the order of V' (E).

The Fermi temperature is defined by Er
F = ko
B

where kg is the Boltzmann constant. It is the temperature scale

BAND . : :
STRUCTURE associated with the Fermi energy.
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3.2 FREE ELECTRON GAS

3.2.4 Fermi Distribution
Typical orders of magnitude for conduction electrons in metals are:
n~10®m™3; k,~10"m™1; vp~10°ms™!; Ex ~afeweV; Tr ~10*-10°K
The ground state described above corresponds to a system of N electrons at absolute zero
temperature. At T = 0, the occupation number is

e < Ep,

1,
fle) = {0, € > Ef.

At finite temperature, electrons can be thermally excited from states below the Fermi
energy to initially empty states above it. The sharp occupation step is therefore
broadened over an energy range of the order of kgT.

At thermal equilibrium, the probability that a one-electron state of energy € is
occupied is given by the Fermi—Dirac distribution:

1
—u(T )]

fleT) =
exp[ )

BAND
STRUCTURE where u(T) represents the chemical potential.
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3.2 FREE ELECTRON GAS

3.2.4 Fermi Distribution

The number of one-electron states per unit volume with energies between € and € + d¢ is

g(e) de, with g(e) = ? defined as the density of state per unit of volume. Since each
state is occupied with probability f (&, T), the electron density is:

n=[ g@rEmnd
0

For a free-electron gas, the energy origin is chosen at the bottom of the band, so that € = 0.
This equation determines the chemical potential u(T)for a given electron density n.
At absolute zero, the Fermi—Dirac distribution becomes:

11, e<Ep,
f(&0) = {O, g > Ep.
u(0)

For the discontinuity, the density equation reducesto n = f g (&) fde
0

At T = 0, the electron gas is in its ground state. All one-electron states
with energies between 0 and E are occupied. Therefore,
Er

n= g (&) de.

BAND
STRUCTURE 0
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3.2 FREE ELECTRON GAS

3.2.4 Fermi Distribution

Comparing the two expressions, we obtain

u(0) = Ef.

At any temperature, the Fermi—Dirac distribution satisfies

1
f([l,T) =E

Thus, the chemical potential is the energy at which the
occupation probability is one half.

For T > 0, the chemical potential is determined by imposing particle-number conservation:
1

n=—];)g(€)exp[ TG de.

For ordinary metals, T < T, or equivalently kgT «< Ef

In this regime, the Sommerfeld expansion gives, for a three-dimensional

free-electron gas,
(T) = Er|1—— kB—T
BAND U F 12\ En

STRUCTURE
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3.2 FREE ELECTRON GAS
3.2.4 Fermi Distribution

Therefore, in ordinary metals, the chemical potential
remains very close to the Fermi energy over a broad
temperature range.

At T = 0, the Fermi—Dirac distribution is a sharp step.

AT AN N
| l ﬂ\
0 Er S 0 8;; S

For 0 < T < Tf, the step is smoothed over an energy range of the order of kT,
centred at the chemical potential u(T):

1
), T) =5

Thus, only electrons in an energy interval of a few kgT around the
Fermi energy are thermally redistributed; states far below Er remain

BAND ,
STRUCTURE almost fully occupied.
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3.2 FREE ELECTRON GAS

3.2.4 Fermi Distribution

Far above the chemical potential, the occupation probability

is much smaller than one:
f(e,T) K 1.

£— U
> 1,
=

In this limit, exp (

and the Fermi—Dirac distribution reduces to the Maxwell-Boltzmann form:

Fermi-Dirac distribution

Maxwell-Boltzmann
approximation

/ valid for e — pu >> kgT

/

\ 4

€— U
E,T = eX — f(g)u
f(eT) p[ kBT] :
This is the non-degenerate ;.
limit, valid only for states
whose occupation probability s
is much smaller than one. Gk
It describes the -
high-energy tail of
the Fermi—Dirac 0
BAND distribution.

STRUCTURE
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3.2 FREE ELECTRON GAS

3.2.4 Fermi Distribution

A first application of the free-electron model is the calculation of the electronic heat
capacity.

For a classical three-dimensional ideal gas, equipartition gives the mean energy per
particle.

3
(8) — EkBTJ

and therefore

3 3
UC] — ENkBT, CV,C] — ENkB

If each of N atoms contributed one classical free electron, one would therefore

. : 3 .
expect an electronic heat capacity equal to ENkB. Experimentally, however, the
electronic contribution is much smaller at ordinary temperatures.

The reason is the Pauli exclusion principle: at T < T, only electrons
within an energy range of the order of kzgT around the Fermi energy
can be thermally excited. Electrons far below Er cannot absorb energy
because all nearby states are already occupied.

BAND
STRUCTURE
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3.2 FREE ELECTRON GAS
3.2.4 Fermi Distribution

If N is the total number of conduction electrons, only a fraction of the order of
T kgT
Tr  Ep

can be thermally excited at temperature T.
The number of thermally active electrons is therefore of the order of
T
Nactive ~ NT_F-
Each excitation involves an energy of the order of kgzT. Thus, the temperature-dependent
correction to the electronic energy scales as:

AU N ! kT = Nk i
c TF B - B TF '
Consequently, the electronic heat capacity has the order of magnitude
C dU, N T
Ve ar 5T

7'[2

BAND A full low-temperature calculation gives = — — :
STRUCTURE P 8 CV,e 2 Nkpg Tr , T LTF
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.1 The periodic potential

The free-electron model provides a useful first description of several properties of metals,
including their electronic heat capacity and electrical transport. However, it cannot explain

the origin of energy bands or the distinction between metals, semimetals,
semiconductors, and insulators.

In the free-electron model, the electrons move independently inside a uniform positive
background. The periodic potential generated by the ionic cores is neglected.

In 1928, Bloch introduced a more realistic independent-electron model in which

electrons move in the static potential created by the periodic array of ions. Electron—

electron interactions are still neglected. 5

The corresponding one-electron Hamiltonian is: H = —Z—V2 + U(r).
m

Although the Schrodinger equation cannot generally be solved explicitly for an
arbitrary potential, the crystal potential satisfies the translational symmetry

Ur+R)=U(),

for every Bravais-lattice vector R = nya; + n,a, + nzas, nq,n,,n; € Z.

A This periodicity is the key assumption underlying Bloch’s theorem and
STRUCTURE the formation of electronic energy bands.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.1 The periodic potential

2
The one-electron Hamiltonianis: H = ;)_ + U(r).
m

The main consequences of a periodic potential can be illustrated in one dimension.
Let us consider the stationary Schrédinger equation:

2m dx?
The potential has the periodicity of the one-dimensional lattice:
Ulx+a) =U(x)
where a is the lattice constant.
We consider a chain containing N unit cells, with total length L = Na.

h? d*
[——— + U(X)] PY(x) = e(x)

The one-dimensional model retains the essential consequences of
translational symmetry while allowing the derivation to remain simple.
U(x)

BAND
STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

To eliminate surface effects, we impose the Born—von Karman boundary condition:

Y(x) =9p(x + L)

In the absence of a periodic potential, U(x) = 0, the normalized eigenstates are plane
waves: o ikx

Yr(x) = VL

When the potential is periodic, U(x + a) = U(x), Bloch’s theorem states that the
eigenfunctions can be written as:

Yr(x) = eikxuk (x)

where u; (x) has the periodicity of the lattice:

u, (x + a) = ug(x).
Equivalently, a Bloch wave satisfies 1, (x + a) = e**%p. ;. (x).
The boundary condition over the whole crystal quantizes the allowed

wavevectors: - 2rm
BAND el =1,k=T,mEZ

STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

If u;, (x) is normalized over one unit cell,

a
f Iuk(x)l2 dx =1 (
0
then Y, (x) is normalized over the entire crystal of length L = Na:
L
2
f W, ()] dx =1
u(x) 0
ikx
Pr(x) = u@x) | ,
,f‘f\/_h !IIIT: ] \; '“' .ﬁ" A A e ;'1: !H-. ” .i'ﬂ"

The periodic lattice-scale modulation is described by u, (x), whereas
the factor e'** determines the phase variation of the Bloch wave

BAND
S CTURE across the crystal.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

Let us derive Bloch’s theorem in three dimensions. A crystal potential has the
periodicity of the Bravais lattice:
Ur+R)=U(r)
Therefore, it can be expanded in a Fourier series over reciprocal-lattice vectors:

U(r) = Z Uge'®T with Uz =—| U(r)e 6T g3r
G Ve Jv,

Since the zero of potential energy is arbitrary, we may choose the additive constant such
that the spatial average of the periodic potential over one primitive cell vanishes:

1
Uy=—| U(d3r=0
Ve ly,

Because the crystal potential is real, its Fourier coefficients satisfy
U—G == U&, A4 G

If the crystal has inversion symmetry, the origin can be chosen at an
inversion centre and the potential satisfies

AN)
STRUCTURE U(r) = U(=r)
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

This implies also that the Fourier coefficients satisfy

U—G - UG

Combining the two relations gives
UG - Ué

so that all Fourier coefficients are real Ug € R.

Expand the eigenfunction and the periodic potential in plane waves:

() = Z cq T, U(r) = z Ug €6
q G
The kinetic-energy term is

h? z h%q?
2 _ .
—Z—V l/J(l‘) = 2 qulqr
BAND

STRUCTURE q
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

The potential-energy term is
Umy(r) = Z Ug cqe'ateT
Gq

Introducing
qQ=9+G

Ur)(r) = z (Z Ug cq/_G> Jia'r
G

ql
Therefore, the Schrodinger equation becomes:

E h?q? . .
C +Z Ug Cq—gl| e’ = eZc e'dr,
BAND 2m 4 1 1

STRUCTURE q

we obtain



http://www.presentationgo.com/

3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

By collecting the coefficients of the same plane wave e'T, the Schrédinger equation

becomes
). [(ﬁZC’Z ) ]
eldr — & c+zU Ca_ccl =0
q G ~q-G
2m -

q
Since the plane waves e'9Tare linearly independent, the coefficient of each plane

wave must vanish:
thZ
<2m —e)cq+ZUch_G=O, vV q.
G

This is the Schrodinger equation in momentum space. The periodic potential
couples a plane-wave component with wavevector q only to components
whose wavevectors differ from q by a reciprocal-lattice vector G.

BAND q—q-G

STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

The original differential equation has therefore been transformed into an infinite
homogeneous system of linear equations for the coefficients c4. Nontrivial solutions exist
only for specific eigenvalues ¢.

Every wavevector q can be written uniquely as

qg=k—-G

where K lies in the first Brillouin zone and G is a reciprocal-lattice vector.

The periodic potential couples only plane-wave components whose wavevectors
differ by a reciprocal-lattice vector. Therefore, the coefficients

Ck-G

are coupled to one another, whereas coefficients belonging to different
values of K are not coupled.

SAND The original problem separates into independent problems, one for
STRUCTURE each K in the first Brillouin zone.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

For a fixed K, the Bloch eigenstate is expanded as

PYi(r) = z kg e KT,

G
Factoring out the plane-wave term e!

(I‘) — plkr CL_ e lGT
k k-G

G

kr \we obtain

Defining

u(r) = z ck-ge 'O"
G
the eigenfunction assumes the Bloch form

() = e® Ty (r)

Because G - R = 2mm, with m € Z, the function u(r) has the periodicity of
the lattice:

uk(r + R) = uy(r)

This is Bloch’s theorem: in a periodic potential, every one-electron

BAND : . . . .
STRUCTURE eigenstate is a plane wave modulated by a lattice-periodic function.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

Let’s recall the momentum-space Schrodinger equation. The substitution gives:
hz
— 1Kk —G|? — &| ¢ +2U ' Cr_cc’ =0
[2n1| | ] k—G 4 ' Ck—-G-G

Since the difference of two reciprocal-lattice vectors is itself a reciprocal-lattice vector, we
may define

G'=G-G'
The equation can therefore be written as

hZ
[ﬁ K — G|2 — 8] Ck—g T Z UG—G" Ck—g'' = 0
GII

For each fixed Kk, this is an infinite matrix equation in the

BAND coefficients cx_g.
STRUCTURE


http://www.presentationgo.com/

3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

We have seen that the wavevector K appearing in Bloch’s theorem can be chosen within
the first Brillouin zone. We now show that this restriction entails no loss of generality.

Let us consider a wavevector K'outside the first Brillouin zone.
According to Bloch’s theorem,

Yo (1) = ' (0)e’™

There is always a reciprocal-lattice vector G'such that
k' =k+ G’

where K lies in the first Brillouin zone. Hence,

Wy (r) = u/(r)ei(k+G')-r — eik-r[ur(r)eiG'-r]_

We can expand u’(r) as

ul(r) — z CL/ e—iG-r

G

Ppo (1) = ek [z e e—ic-rew'-r] _ ik [z Cerc—c e—im—c')-r]
BAND

STRUCTURE G
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

By defining
G'=G-G'
We obtain
lpkl (l') = eik'r lz Ck—G"’ e_iG 'r] = l/Jk(l')-
GII

Therefore, k and Kk + G'describe the same Bloch state. The wavevector Kk can thus be
restricted to the first Brillouin zone.

It remains to be shown that choosing two wavevectors related by a reciprocal-
lattice vector,

k'=k+G'

leads to exactly the same system of equations for the Fourier

BAND o
STRUCTURE coefficients.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.2 Bloch's Theorem

Substituting, we obtain

Let usintroduce G = G’ + G, =G +G"

and we have: )
Y
l% k' — G| — 8] k-t z Us_g'cx'—g' =0

Since G and G’span all reciprocal-lattice, this system is identical to that obtained for K.

Therefore, the eigenvalues and eigenstates associated with k' = k+ G are
identical to those associated with K. Wavevectors that differ by a reciprocal-
lattice vector label the same physical Bloch state.

SAND It is thus sufficient to solve the problem for K restricted to the first
STRUCTURE Brillouin zone. This convention is known as the reduced-zone scheme.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.3 Band Index

Let us consider one-electron Schrodinger equation in real space:

2m

2
[—h—vz + U(l‘)] Pk (r) = gy (r)
For a fixed wavevector K, we seek solutions in the Bloch form:
Pi(r) = Ty (1)
where the function uy (r) has the periodicity of the Bravais lattice:

ug(r + R) = uy(r)

Substitution into the Schrodinger equation gives the eigenvalue problem

hZ
%(—iv +K)? + U(r) [u(r) = gy (r)

For a fixed wavevector K, the equation for the lattice-periodic
function u,(r) can be solved within a single primitive cell, subject to

BAND periodic boundary conditions.
STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.3 Band Index

Because the problem is defined over a finite volume, it has an infinite
discrete set of eigenvalues.

For each fixed K, these eigenvalues can be labelled by an integer n:

&1k &2k €3k -+

As K is varied continuously, each eigenvalue &,k changes
continuously.

Moreover, wavevectors that differ by a reciprocal-lattice
vector describe the same physical state.

Hence, the energy spectrum is periodic in reciprocal space:

eqn(K+ G) = g,(K).

The integer n is called the band index. It is therefore sufficient to
consider K within the first Brillouin zone.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC
POTENTIAL

| |

The one-electron energy spectrum in a periodic potential is therefore described by a family
of continuous functions &, (K), each defined within the first Brillouin zone.

3.3.3 Band Index

The complete set of these functions constitutes the band structure of the solid.

For a fixed value of n, the set of energies

B, = {e,(k) : k € BZ}
is called the n-th energy band.

Because ¢,(K)is a continuous function and EE::(RGY BANDS

the first Brillouin zone is connected, the
allowed energies of a given band fill a -\Bands

continuous interval:

emin < ¢ (K) < gmax,
This continuous range of - Energy gaps

allowed energies is the origin of

BAND the term “energy band”. B

STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC
POTENTIAL

3.3.4 Fermi surface

At zero temperature, the ground state of a free-electron gas is obtained by filling all one-
electron states with 21,2
2m

The Fermi energy Ef is fixed by the total number of electrons. Each spatial state labelled
by K can accommodate two electrons with opposite spin.

e(k) = < Eg

The ground state of N Bloch electrons is constructed in the same way, with the following
differences:

1. The one-electron energy levels are labelled by a band index n and a crystal
wavevector k: g, (K).

2. In general, the dispersion relation &, (K)does not have the simple parabolic form
of the free-electron gas.

3. The wavevector K is restricted to the first Brillouin zone, so that every
physical Bloch state is counted only once.

At zero temperature, the Bloch states are filled in order of increasing

BAND energy up to the Fermi energy.
STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC
POTENTIAL

3.3.4 Fermi surface

If an integer number of bands is completely filled and the next band is empty, the energy
difference between the top of the highest occupied band and the bottom of the lowest
empty band is called the band gap:

Eg = mkingempty(k) — ml?xgoccupied(k)-

Materials with a large band gap have negligible electrical conductivity at ordinary
temperatures and are classified as insulators.

Materials with a smaller band gap can generate a measurable concentration of charge
carriers through thermal excitation or doping and are classified as semiconductors.

A band may be partially filled. In this case, at zero temperature, the Fermi energy lies
within the energy range of that band.

The set of wavevectors separating occupied from empty states defines the Fermi
surface. It is the generalization of the Fermi sphere of a free-electron gas.

A solid with a partially filled band has metallic behaviour. The Fermi surface

in the n-th band is defined by
En(k) = EF

Therefore, the Fermi surface is a constant-energy surface in reciprocal

BAND . : o
STRUCTURE space, restricted to the first Brillouin zone.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.5 Kronig-Penney model

In 1931, Kronig and Penney introduced a solvable one-dimensional model that
illustrates the origin of electronic energy bands in a periodic potential.

Consider a one-dimensional lattice with lattice constant a, Bravais-lattice vectors :

R, = na, n e 7z

and reciprocal-lattice vectors

2mTm
G=——mE€EZ
a

The periodic potential is modelled as a Dirac-comb potential:

U(x) = Uya Z 6 (x —na)

n=—oo

where U, has the dimensions of energy.

The Fourier coefficients of this potential are independent of G:

1 (¢ .
Uc;:—f U (x)e % dx = U,
alo

BAND
STRUCTURE


http://www.presentationgo.com/

3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.5 Kronig-Penney model

Since U; = U,, the momentum-space Schrodinger equation is therefore:

thZ
<2m —S)Cq‘H]oZCq—G = 0.

G

Qg = Z Cq—G

G

Define:

The Schrodinger equation can then be written as:

hzqz
<2m _E>CQ+U0QC[:O

Solving for ¢, we obtain U,

Cq = 7722 Qq
h=q _ .

2m

For a given Bloch wavevector k, the coupled plane-wave components have

wavevectors

q=k—0G
BAND
STRUCTURE where G is a reciprocal-lattice vector.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.5 Kronig-Penney model

Therefore: Uy
Ck-c T+ flz Qk-¢ = 0.
(k G)2—¢

Summing the equation over aII reciprocal-lattice vectors (, we obtain:

Ug
2 [Ck—G + 72 Qk—G] =0

o (k — G)2—€

Moreover: Qr—¢ = z Cr—Gog' = z Cr_c" =Qr WwhereG" =G+ G’
Gl GII

Since G'"' spans all reciprocal-lattice vectors when G’ does, Qy_c is

independent of G. Therefore, it can be taken outside the summation:

CAND Qr + Uoka [2 P ] =0

STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.5 Kronig-Penney model

For the branch of solutions with Q; # 0, the secular

equation becomes
1 _ z 1
Uy

: [% (k — G)Z—€]

For a one-dimensional lattice of period a, the reciprocal-lattice vectors are:

21N
G, = —, n ez
a

The summation over reciprocal-lattice vectors can therefore be written as a
summation over all integers n. For each wavevector

T T

——<k<—,

a a
the secular equation is solved for the allowed energies ¢,(k).
Repeating the procedure for all values of k in the first Brillouin zone

BAND yields the energy bands.
STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.5 Kronig-Penney model

The secular equation determines the allowed energies &,(k) for each wavevector k.
Solving it throughout reciprocal space yields the band structure shown below.

The same energy spectrum can be represented using three equivalent schemes.

. . . Extended Zone
Extended-zone scheme: the dispersion is % e [~ -
displayed over several Brillouin zones. Energy <&
. . . = 0

gaps open at the Brillouin-zone boundaries, > S
where the effect of the periodic potential is /e ek /a 3nfa
strongest. o Repeated Zone _

& 5 0] TN T~

Repeated-zone scheme: the energy ¢ % ~ - -

spectrum is repeated in each reciprocal- ;’ e

lattice cell. - -3n/a -r/a g v/ 3/a

Reduced-zone scheme: all wavevectors are folded § @[~ -

back into the first Brillouin zone, and the different ¥ 32 [

branches are labelled by the band index n. R S —
T/a T/a

k
In the reduced-zone scheme, each continuous branch &, (k)represents
BAND an energy band. The gaps between adjacent branches are forbidden
STRUCTURE energy intervals.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.6 Bands in a 1D periodic potential

Having obtained the energy bands from the Kronig—Penney model, we now introduce a
simple scattering picture that provides an intuitive physical origin of band formation.

We consider a one-dimensional periodic array of identical potential barriers. Each barrier
partially reflects and partially transmits an incident electron wave:
+ 00

U(x) = z v(x — na) U(x)4

n=—oo

>

where a is the lattice constant and v(x)
is the potential profile of a single barrier,
localized within a region of width b < a.

v

-3a/2 -a/2 0 a/2 3a/2

The barriers are centred at the Bravais-lattice sites

R, = na, n € Z.

The purpose of this exercise is to determine how the coherent
superposition of the reflected and transmitted waves from successive

BAND . : . :
STRUCTURE barriers gives rise to allowed energy bands and forbidden energy gaps.
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.6 Bands in a 1D periodic potential

The function v(x — na)represents a single localized scattering

barrier centred at the lattice site x = na. The periodic potential is

obtained by repeating this barrier at all lattice sites.

An electron can propagate from one region to the next either by transmission above the

barrier or, when its energy is below the barrier height, by quantum tunnelling.
We assume that the single-barrier potential is inversion symmetric:

v(x) = v(—x)
Apart from this symmetry and its localization around x = 0, no specific form of v(x) is

assumed. The purpose of the following derivation is to relate the scattering properties of
one barrier to the allowed energies of the periodic chain.

Consider an electron incident from the left on a single barrier v(x). In the regions

where the potential vanishes, its energy is
hZKZ

2m

Here, K is the wavevector of the scattering state for the isolated
barrier. It is a continuous variable determined by the electron

BAND
STRUCTURE energy and must not be confused with the Bloch wavevector k.
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POTENTIAL
3.3.6 Bands in a 1D periodic potential

For the isolated barrier, let 4
v(x) =0for | x |2§ v(x)4

Outside the barrier region, an electron incident from the left
is described by

ein _I_ T.(K)e—in X S _g _i> L»
MOES . ‘T
t(K)e ) X = E _a/2 a/2 8

The incident wave has unit amplitude. The quantities r(K) and t(K) are the complex
reflection and transmission amplitudes, respectively.

Since the potential is real and the wavevector has the same magnitude on both sides
of the barrier, the reflection and transmission probabilities are

R(K) =Ir(K) I7, T(K)=It(K) 1>, RE)+T(K)=1

Both amplitudes depend on the wavevector K and on the specific shape
of the barrier. In the following, we will obtain qualitative features of the
band structure without specifying v(x) explicitly, using only the general

BAND
STRUCTURE properties of r(K) and t(K).
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POTENTIAL
3.3.6 Bands in a 1D periodic potential

Since the single-barrier potential is inversion symmetric,

v(x) = v(=x),

if o, (x) is a solution of the Schrodinger equation with energy ¢, then ()4

Yr(x) = P(—x)
is also a solution with the same energy. It describes a wave incident L AN
“r

on the barrier from the right.

-a/2 a/2
By replacing x with —x in Y, (x), we obtain

[ ek X< —=
) — 2’
1/JR(JC) = 9 . . a
e KX |y elKX x> 5
\

a wave incident on the barrier from the right.

The functions ¥, (x) and Yr(x) are two linearly independent solutions

BAND at the same energy.
STRUCTURE
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POTENTIAL
3.3.6 Bands in a 1D periodic potential

Therefore, any solution at this energy can be written as

Y(x) = AP (x) + Bg(x).
In particular, this representation can be used inside the

barrier region a a
—=—<x<-—
2 2
For an electron moving in the periodic potential, the wavefunction must satisfy Bloch’s
condition:

Y (x +a) = e*4p, (x),  where kis the Bloch wavevector.

Applying this condition at the boundaries of the barrier region gives

e (Z) = e (-2).

Using the two scattering solutions, outside the barrier we have
(. . a
Ae™* + (Ar + Bt)e ¥, x < —5
Pr(x) =4

. . a
BAND LKx —1Kx > _
e eTuY \(At + Br)e'** + Be , X = 5
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.6 Bands in a 1D periodic potential

Evaluating the wavefunction at the two boundaries of the barrier region, we obtain:
a _.a a4
Ui (—5) = Ade "2 4 (Ar + Bt)e'™2
a a4 _.a
U, (E) = (At + Br)e"™ 2 + Be™'*2

Applying Bloch’s condition for x = —%:

n(§) o)

a .a , a a
(At + Br)e'*z + Be ™7 = eka| 4o ™7 4+ (Ar + Bt)e 7|

gives:

.., a4

Dividing both sides by e "%z, we find:
e’*2|A + (Ar + Bt)e'?| = B + (At + Br)e'k®

Collecting separately the terms proportional to A and B, we obtain:

STRUCTURE letk?(1 + retka) — te'ka]A + (tetkae®a — retk® — 1)B =
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POTENTIAL
3.3.6 Bands in a 1D periodic potential

We now derive the second boundary condition by differentiating Bloch’s condition:
Pi(x + a) = e™ Py (x)
Evaluating this condition at x = —a /2, we obtain :
)= i (5
—_ =e —_——
Yx (2 Yx >

Differentiating the expressions for 1 (x), we find :

( . .
iKAe'™ — iK(Ar + Bt)e ¥ X

IA
I
I

Nl

P (x) =

\Y

\ iK(At + Br)e' * — jKBe KX X

Therefore: . .
a o a .. A
i (- E) = iKAe 7 — iK (Ar + Bt)e'2

, . a

BAND r (@ — ik . —iK=
Y |=) =iK(At + Br)e "2 —iKBe 2
STRUCTURE 2
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.6 Bands in a 1D periodic potential

Applying the derivative form of Bloch’s condition gives:
.a . a . _.a . a4
(At + Br)e™z — Be 2 = etka oKz _ (Ar + Bt)elKZ]

—iKa/2

Dividing both sides by e , We obtain:

e*@|A — (Ar + Bt)e™?| = —B + (At + Br)e'X®
Collecting separately the terms proportional to 4 and B, we find:

[eika(l _ reiKa) _ teiKa]A 4 (_teikaeil(a _ reiKa 4+ l)B =0

Together with the equation obtained from the wavefunction itself, we have the
homogeneous system:

{ [eika(l + T.eiKa) _ teiKa]A + (teikaeiKa _ 7,.eiKa _ l)B =0

[eika(l _ reiKa) _ teiKa]A + (_teikaeil{a — reikKa 4 l)B =0

For this system to have a nontrivial solution, the determinant of its

N coefficient matrix must vanish.

STRUCTURE
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3.3 NON-INTERACTING ELECTRONS IN A PERIODIC

POTENTIAL
3.3.6 Bands in a 1D periodic potential

Setting the determinant of the coefficient matrix equal to zero gives:
[eika(l + reiKa) . teiKa] . (_teikaeiKa . reiKa + 1) . (teikaeil{a .
reil{a . 1) . [eika(l . reiKa) . teiKa] =0
After simplifying, we obtain:
QZiKa(tz _ rz)eika _ t(l + 62ika)eiKa + eika =0

Multiplying both sides by e “k@e =K@ \ye find :

eiKa(tZ . TZ) . t(e—ika 4+ eika) + e—iKa =0

e

Usinge k@ 4 etk@ = 2 cos(ka), the result can be written as:
2t cos(ka) = eXa(t? — r?) 4 e~tKa

This is the dispersion relation connecting the Bloch wavevector k of
the periodic lattice to the scattering wavevector K of the single-
barrier problem, with B2 K2

BAND £ =
STRUCTURE 2m
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POTENTIAL
3.3.6 Bands in a 1D periodic potential

For a real and inversion-symmetric barrier, the transmission and reflection amplitudes can

be written as: _
t(K) = t(K) | %),
r(K) = +i | r(K) | 6%

Here, 6(K) is the transmission phase shift relative to the incident wave. The reflection
amplitude differs in phase from the transmission amplitude by +m /2.

Conservation of probability current implies:

| t(K) 17+ r(K) 1°= 1

Substituting these expressions into the dispersion
relation, we obtain

2 1 t(K) | e cos(ka) = e®2[| t(K) 12+] r(K) |?]e2i6(K) 4 g—iKa

Using the probability-conservation condition, this reduces to:

BAND 2 | t(K) | eia(K)COS(ka) — eiKa+2i6(K) _I_ e—iKCl

STRUCTURE
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POTENTIAL
3.3.6 Bands in a 1D periodic potential

Multiplying both sides by e ") we obtain:
2 | t(K) | cos(ka) — pllKa+4(K)] + e ~iKa+5(K)]
Using e'® + e ~'* = 2 cos a, we find:

2172
cos|[Ka + 6 (K)] with € = I°K
| t(K) | 2m
The transmission amplitude satisfies
0<ItK)I<1

The phase shift §(K) and the transmission amplitude | t(K) | both depend on
the scattering wavevector K, and therefore on the electron energy.

cos(ka) =

For a localized barrier, | t(K) |» 1 as K — oo.
The left-hand side is a periodic function of K, with an amplitude equal to

1
BAND
STRUCTURE | t(K) |
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POTENTIAL
3.3.6 Bands in a 1D periodic potential

|

Since the left-hand side satisfies
—1 < cos(ka) <1

~K
a real Bloch wavevector k exists only when r \ / \ /

| F(K) |
/
=5
/

<
| t(K) |
Therefore, the allowed values of the scattering wavevector K are the intervals for which
the curve | F(K) | lies between the horizontal lines +1 and —1.

h2K?
2m

For each allowed value of K, the electron energyis € =

The corresponding energy intervals form the allowed energy bands.

Conversely, when | F(K) |> 1 no real value of the Bloch wavevector
k satisfies the dispersion relation. The corresponding energy intervals

§$§8CTURE are forbidden and constitute energy gaps.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

Electrons in a periodic crystal potential can be described using different approximation
schemes. Two complementary limits are particularly important: the nearly-free-electron
model and the tight-binding model.

The nearly-free-electron model applies when the periodic potential experienced by the
valence electrons is weak compared with their kinetic energy. It starts from the free-
electron gas and treats the periodic crystal potential as a perturbation.

Although the bare Coulomb potential of the ionic cores is strong, the effective potential
acting on valence electrons can be substantially weaker for two main reasons:

1. Core electrons, together with the ionic cores, can be described by an effective
pseudopotential. The orthogonality of valence-electron states to core states
strongly modifies the short-range ionic potential.

2. The response of the valence electrons screens the electrostatic field of
the ions, reducing the Fourier components of the effective periodic
potential.

Even a weak periodic potential can have an important effect

BAND

STRUCTURE near Brillouin-zone boundaries, where it opens energy gaps.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

When the periodic potential is zero, the eigenstates of the Schrédinger equation are plane
waves. In the nearly-free-electron approximation, a weak periodic potential is treated as a

perturbation of this free-electron solution.

The wavefunction of a Bloch state with wavevector K is written as:

Pi(r) = z (g e/ KT

G

The coefficients cx_g and the allowed energies care determined by the system of
equations:

hZ
— |k — G|2 — & Ck_G + z UG’_G Ck_G/ — 0
[2m =
For each fixed K, this is an infinite homogeneous system, with one
equation for each reciprocal-lattice vector G. Its distinct solutions are

labelled by the band index n.

BAND . . . .
ST CTURE The wavevector K can be restricted to the first Brillouin zone.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation
For a free electron, the periodic potential vanishes, so that:
Ug=0 VG
Equation then reduces to

hZ
— |k — G|* — ¢c=0
2mI | g] k-G
h2q2
Introducing the free-electron energy: SC? =
2Zm

we can rewrite this equation as:
0 _
k-6 — lek-6 = 0

For a nontrivial solution, a coefficient cx_g can be nonzero only if

E= gk—G
Two cases may occur:

1. There is only one reciprocal-lattice vector G; for which ¢ = 51(()—G1

Then only ck_g, is nonzero, whereas

BAND
STRUCTURE ck—¢c = 0 for G + G


http://www.presentationgo.com/

3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

2. Several reciprocal-lattice vectors Gy, ..., G, satisfy

0 —_ eee — O
€k-G; — = €k—Gyy,

When ¢ is equal to the common value of these free-electron energies, there are

mlinearly independent degenerate plane-wave solutions. Any linear combination of
these degenerate solutions is also a solution; therefore, the coefficients

Ck—Gji ] = 1, v, m

are not determined in the free-electron limit.

This observation becomes crucial when a weak periodic potential, with nonzero
Fourier coefficients Ug, is introduced. We distinguish between non-degenerate and
degenerate solutions.

CASE 1 — NON-DEGENERATE SOLUTIONS
There is only one reciprocal-lattice vector G;for which

_ .0
€ = &G,
The coefficient cx_g, may be nonzero, whereas all other

BAND
STRUCTURE coefficients vanish in the free-electron limit.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

Let us fix K and consider a reciprocal-lattice vector G4 such that the free-electron energy

512—(;1 is well separated from all other free-electron energies: . h2(1—€> B é)z
E =

k—G
0 0 A 2m
lex-6, — &k—a| » |Ug—q, |, G # Gy
We now investigate the effect of the periodic potential on
the free-electron state UG)N]
_ .0
€ = &_G, k-G, ¥ 0
while, in the free-electron limit, G, G k

c=0 G=%G

As a first approximation, we assume that
Ck—g, IS the only nonzero coefficient.

Setting G = G4 in the equation, we obtain

0 _
BAND [5 - gk—Gl]Ck—Gl = z UG'—G1 Ck-G’

STRUCTURE
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

Let us examine the right-hand side. The term with G’ = G; contains Uy, which vanishes
because the average value of the potential has been chosen to be zero.

For G' # G4, the coefficients c,_¢’ are first order in the weak potential, as are the Fourier
coefficients Ug/_g, - Their products are therefore of second order.

For G # G4, we isolate in the sum the term containing the dominant coefficient cx_g,

0 _
[5 — gk—G]Ck—G = Ug,-6Ck-6, T Ug'—G Ck-¢’
G'£G,
Therefore,
_ Ug,-6Ck-¢, Ug'_6Cx—¢’
G'£Gq

The second term is of second order in the weak potential, because it
contains the product of a Fourier coefficient Ug/_¢ and a coefficient

BAND . _ .
STRUCTURE Ck—¢’ that is already first order in U.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

Thus, to first order U
’ ’ G;-GCk-G
Ck-g = ————— + 0(U?), G # G
€~ &6

Substituting the first-order expression for cx_¢ into the equation corresponding to Gy:

0 B Uc-6,Uc,-c
[8 a gk—G1]Ck—G1 — _ <0 Ck—Gy -
€~ %

G=G,

To evaluate the energy shift to second order in the weak potential, €in the
denominator may be replaced by its zeroth-order value 312—(;1

E Ug-¢,Ug,-¢
E = Elg_Gl + gO 1_ 810 + 0(U3)
BAND k-Gq k-G

STRUCTURE G£Gq
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

Being the potential real,
2
Ug-q,Ug,-6 = |Ug—g, |
The result shows that weakly perturbed non-degenerate levels repel each other. A free-
electron level lying below elg_Glgives a positive contribution to the energy shift, whereas a

level lying above it gives a negative contribution.

The energy shift with respect to the free-electron value is therefore of second
order in the periodic potential.

CASE 2 —DEGENERATE SOLUTIONS

Suppose that a group of reciprocal-lattice vectors, Gy, ..., G,;,, gives the

same free-electron energy:

BAND 0 _ 0 — 0
STRUCTURE k-G, = = €k-G,, = €a-
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation

Assume that this degenerate group is well separated from all the remaining free-electron

levels:
leq — kgl » [Ug—g,|,

G¢&{Gy.. Gpli=1..,m

Proceeding as in the non-degenerate
case, foreachi = 1, ..., m we obtain

m
0 —
[5 — gk—Gi]Ck—Gi = z Ug;-G; Ck-¢; T z Ug-g; Ck—G-
j:1 G%{Gl,---,Gm}

Equivalently,

1 m
k-G T T 40 Z UG-G, Ck-6; T Z UG-g; Ck-G
k=Gi |j=1 6#{Gy,...G,)

Unlike the non-degenerate case, the first summation must be retained: it
couples the degenerate plane-wave states already at first order in the

BAND e _
STRUCTURE periodic potential.
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3.4 WEAK PERIODIC POTENTIAL — NERLY FREE
ELECTRONS

3.4.1 General approach to the Schrodinger equation
Equivalently, fori =1, ...,m

U

Ck—G; = ZUG —6; Ck-¢; T O(U?)].
€ — & G; |4

Substituting this expression for the
coefficients outside the degenerate
subspace into the original equation
gives m

Ue-6,Ug;-6

[5 - gl(()—Gi]Ck—Gi = Z UGj—Gi Ck-G; T P Ck-G;
j=1 6#{Gy,...Gy) k-G
j=1
The second term on the right-hand side is of second order in the weak periodic

potential. Retaining only first-order terms, the equations reduce to
m

0 _ :
[8 — ek_Gi]ck_Gl. = Z UG]._Gi Ck-Gppl = 1,..,m.
j=1

These are the coupled first-order equations for the m degenerate

BAND
STRUCTURE free-electron states.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.2 Energy levels near a Bragg plane

For a fixed wavevector K, suppose that two reciprocal-lattice vectors G; and G, give

degenerate free-electron energies:
0 _ 0
€k-G; — k-G,

The first-order system then reduces to two coupled equations:

0 _
[5 - elg—Gl]Ck—Gl = Ug,-6G, k-G,
[5 — 8k—GZ]Ck—G2 = UG,-G,Ck—G,-

To simplify the notation, define q = K — G4,
G - Gz - Gl'

ThUS, k_GZ = q—G
The two equations become  [& — gg]cq = UgCq—6»

0 — —
AN) [8 — eq_G]Cq_G = U_gcq = Ugcq-

STRUCTURE
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.2 Energy levels near a Bragg plane

The degeneracy condition is

0 _ o0
€q = €q-G
Since 2 2
ed = hq
9 2m’
this is equivalent to
lql=1q—GI.

Equivalently, Aq = G

This defines a Bragg plane in reciprocal space: it is the plane perpendicular to G
and halfway between the origin and the reciprocal-lattice point G.

Thus, degeneracy occurs for an electron wavevector that can be Bragg-
reflected from q to q — G. Since degenerate levels are strongly mixed by
the periodic potential, the largest effects of a weak periodic potential

BAND
STRUCTURE occur near Bragg planes.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.2 Energy levels near a Bragg plane

Let us now determine the energy levels in the vicinity of a single Bragg plane. The system
has nontrivial solutions only if

g—¢gY —U
det 1 G =0

*

0
_UG E — gq_G

The determinant condition leads to the quadratic equation

(e — 8) (e — £0-¢) =1 Ug. I
Its two solutions are

2
1 E0 — Eq_
_ (0 0 9 “q-G 2
ei—z(eq+eq_(;)i l > ] +| Ug |
These energies describe the effect of the periodic potential on the two free-

electron levels 83 and sg_G in the vicinity of a Bragg plane.

On the Bragg plane, 83 = 53—(;' the two solutions then reduce to

er = &9 +1 Ug .
Thus, at the Bragg plane, one level is shifted upward by | Ug |,

BAND
STRUCTURE whereas the other is shifted downward by the same amount.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.2 Energy levels near a Bragg plane

To visualise the two branches, let q vary along the direction of G, q = q G .
The two energies obtained from the coupled-state problem are

2
1 €9 — €9
@ =3l el |35 v
In the absence of the periodic potential, the two free-electron parabolas would cross at the
Bragg plane G
q = P

The periodic potential couples the two degenerate plane waves q and q — G. As a
conseqguence, the crossing is removed: the two energy branches repel each other and an
energy gap opens.

The upper branch corresponds to the sign 4+, whereas the lower branch corresponds
to the sign —.

At the Bragg plane g = %,

_ .0
BAND &y = g2 Tl Ug |

STRUCTURE
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.2 Energy levels near a Bragg plane

Therefore, the energy separation between thetwo  ga
branches is:

Ej=¢e,—e_=21Ug|

Far from the Bragg plane, the free-
electron levels are no longer nearly
degenerate. The coupling due to the
weak periodic potential then
produces only a small correction, and
the two branches approach the

BAND unperturbed free-electron parabolas. 0
STRUCTURE

2|Ug|
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

Summarizing the results obtained so far, a nearly free electron is only weakly
affected by the periodic potential, except near a degeneracy of two free- €q
electron states.

2NT
In a one-dimensional lattice, the reciprocal-lattice vectors are G,, = —
a
and the degeneracy condition becomes
G nm
2 = —_ G 2 - = —n = —
q° = (q — Gp) q=— ==
Equivalently, including reciprocal-lattice vectors of both signs, the Bragg points are located at
4 nm
== a
Reflected —a —
At these wavevectors, the electron o waves
waves reflected by neighbouring lattice [pcident 2— T, ; )
sites interfere constructively. This is the = Waves 1:’_.___.___.___.___‘___‘__
one-dimensional Bragg condition. A A

The constructive interference is illustrated in the Figure: the extra path
travelled by the wave reflected at the neighbouring site produces a
BAND phase difference equal to an integer multiple of 2. Consequently, the
STRUCTURE reflected waves add coherently.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

When the Bragg condition
nm

k=+— Reflected —a —>
a , waves
is satisfied, the two free-electron waves e*** and Incident 2> 17 ; i
e~* have the same energy and are coupled by " o> 1:,___.___.___.___.___.__
Bragg reflection from the periodic lattice. A A

The stationary eigenstates are therefore standing waves, given by the two independent
linear combinations: : : nm
Y, (x) o e* 4+ e~ k* = 2cos(kx) = 2 cos (7)()’

. . nm
P_(x) x ethf* — =X = 2isin(kx) = 2isin (79()

The two standing waves have different spatial distributions.
At the lattice sites x = ma, with m integer,

| Y. (ma) |? is maximum, | Y_(ma) 1= 0.

Thus, the two electron states sample the periodic potential differently and
acquire different potential energies. The degeneracy of the free-electron
levels is removed: an energy gap opens at the Bragg points.

BAND
STRUCTURE


http://www.presentationgo.com/

3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

The probability density associated with an electron wavefunction is
p(x) = P ()P () =l P(x) I?

For a single travelling plane wave, 1(x) < e*** the probability density is spatially uniform
p(x) x e tk¥elkX — constant

The situation is different for the standing-wave states at the first Bragg point, k = /a

X

p+(x) = Y1 (x) [« cos? (?)

Therefore, p, is maximum at the ion positions x = ma, where m s an integer. The
electron density is concentrated near the positive ions, where the electron potential
energy is lowest.

X
For the other standing wave, p_(x) =| ¥_(x) | sin? (;)

At the ion positions x = ma,
p+(ma) is maximum, p_(ma) =0

AN Hence, the two standing-wave states sample different regions of the
STRUCTURE periodic potential and have different energies.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

The figure compares the probability densities of p, probability density
the two standing-wave states with the periodic Klw_l2 Y412
potential created by the positive ions. _/3,{ ________ AQ‘_\_\ VAN _/_’_‘_: _____ PP
For the state T ."

Y, (x) « cos (;) \/ \/ \ 4‘/ \/

the probability density is maximum at the ion positions. The electron is therefore more likely
to be found close to the positive ions, where its potential energy is lowest. Consequently, the
energy of the Y, state is lowered with respect to the free-electron energy.

X
Conversely, for the state Y_(x) < sin (?)

the probability density vanishes at the ion positions and is concentrated between
neighbouring ions. This state is less stabilized by the attractive ionic potential; its
energy is therefore increased.

Thus, the two states that were degenerate for a free electron at the Bragg
points I = _I_TUT

BAND a

STRUCTURE acquire different energies in the periodic potential.
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice
Their separation defines an energy gap:

Let us evaluate the size of the energy gap at the first Brillouin-zone boundary, k = g
Let the periodic potential be described by its first Fourier component:

27X
U(x) = 2U; cos (T)

The energy separation between the two standing-wave states is

j X UGN -0 2] 9, () 2]
0

Substituting the explicit expressions gives

%joadeUG cos <%) [sin2 (%x) — cos® (%)]‘ =210 -

Therefore, the energy gap at the boundary of the first Brillouin zone is twice
the magnitude of the Fourier component of the crystal potential:

E, =

E, =

BAND
STRUCTURE E,=21Ug |
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

Let us now construct the band structure (k)for a one-dimensional lattice.

STEP 1 — Start from the free-electron dispersion relation: i

h2k?
2m

el =

It is represented by a parabola centred at k = 0.

\ P

STEP 2 — Consider the effect of a
weak periodic potential near a Bragg
point. If the Bragg point is associated
with the reciprocal-lattice vector G, we
must also consider the free-electron
state with wavevector k— G . Its
energy Is 0 B hz(k _ G)Z

kg = :

k

e :

This dispersion relation is represented by a second parabola centred at k =

: : G
§$§8CTURE G. The two free-electron parabolas intersect at the Bragg point k = >
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

STEP 3 — Lift the degeneracy at the crossing
point. The weak periodic potential couples the two
free-electron states and replaces their crossing
with an avoided crossing. At the Bragg point, the
two energy branches are separated by the energy
gap E; = 2| Ug. Moreover, both branches have

\ P

G
zero slope at k = e

STEP 4 — Retain the free- }€
electron-like portions of the
perturbed branches that
evolve from a given free-
electron parabola. At the
Bragg point k = G /2, these
portions are separated by A

BAND the energy gap 2 | Ug |. 0
STRUCTURE

| -

N


http://www.presentationgo.com/

3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

STEP 5 — Repeat the same construction ?8
at all the other Bragg points, associated

with the reciprocal-lattice vectors
21N

a
For each G,,, the periodic potential couples
the corresponding degenerate free-
electron states and opens a gap whose size

is determined by the Fourier component

n

Ug. .

n

When all Bragg points and
the associated Fourier
components are included,
the resulting dispersion
relation is obtained as
shown in the next figure.
This is called as extended

BAND area scheme
STRUCTURE

4
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

If we translate each branch of the extended-zone scheme by an appropriate reciprocal-
lattice vector, all wavevectors can be brought into the first Brillouin zone:

G <k < G
2 T2
We thereby obtain the reduced-zone scheme.
| | “8 I | | 1 “8 |
In this representation, \} | SR A 3 i/ \i
the different branches i\ P - :2_11130' ! !
are labelled by a band I\~ DR i i
index n, while the crystal 1\ | i R i i
wavevector kis always i i i i § i » i i
restricted to the first | \i i R i i
Brillouin zone. E i i1 2|Uzl | :
I ] I I Y i | i
6_, 6 | et N\
——<k<-—. a7 : :
2 2 L\ el : |
T T i 2|Ug| i | |
o | _4|_EG| .k : ' k
36 ¢ 6 o 6 ¢ 3G 0o & .
STRUCTURE 2 2 ‘ 2 2
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3.4 WEAK PERIODIC POTENTIAL — NEARLY FREE
ELECTRONS

3.4.3 Energy levels for a one-dimensional lattice

The equivalence of crystal wavevectors that differ by a reciprocal-lattice vector can be
illustrated by repeating the reduced-zone pattern in successive Brillouin zones.

This representation is known as the repeated-zone scheme.

/ _Kmm"""" "‘_:

(=)
N|Q F-L-

k

For each band n, the energy is periodic in reciprocal space:
ek + G) = g,(k).

BAND
STRUCTURE Thus, the wavevectors k and k 4+ G describe equivalent Bloch states.
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3.5 TIGHT-BINDING MODEL

3.5.1 General approach

Up to this point, the free-electron gas has provided the main conceptual starting point for
the description of electrons in solids.

This may seem surprising, since a solid is made of atoms. From an atomic point of view, a
crystal might appear to have little in common with a free-electron gas.

We may instead start from the opposite limit: imagine forming a crystal by bringing isolated
atoms together. In this picture, the electronic states of the solid are constructed from the
atomic wavefunctions of the constituent atoms.

This approach complements, rather than contradicts, the free-electron model. It is known
as the tight-binding model.

The tight-binding approximation is most appropriate when the valence-electron
wavefunctions are strongly localized around their parent atoms and overlap only
weakly with those centred on neighbouring sites.

The following discussion concerns the valence electrons. Core electrons are
assumed to remain localized around their parent atoms and do not
contribute significantly to chemical bonding.

BAND
STRUCTURE
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3.5 TIGHT-BINDING MODEL

3.5.1 General approach

The tight-binding model can be regarded as the extension of the linear combination of
atomic orbitals (LCAO) approach from molecules to solids.

In this approach, the electronic v

1s 1s
wavefunction is expressed as a linear -
combination of atomic orbitals centred

A VB

on the lattice sites. The method is \
particularly effective when the \-\ | \ \- (\ = \ .
relevant atomic orbitals are strongly

1s orbital 1s orbital overlai) (Wa +Wp )2 4nr?

localized and only a small number of He H i
neighbouring  orbitals  contribute — _— W

appreciably to the linear combination.

Wa + VB

:

Consider a one-dimensional lattice of Natoms located at positions R,,, with one
atomic orbital ¢, on each atom.

We write the electronic wave function as a linear combination of atomic
orbitals centered on the different lattice sites:

BAND P(r) = z cs @s(r—Ry).

STRUCTURE n
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

Here, @.(r — R,,) is an eigenfunction of the isolated atom
centered at R,,, with eigenvalue Ej:
2

h
— V2 + Upe(r = Ro) | 0(r = Ry) = E; 95(r — Ry)

Since Y (r) describes an electron in a crystal, it must satisfy Bloch’s theorem.

Therefore, for a Bloch state with wavevector K, the coefficients must have the form

C ==
S \/N

where N is the number of unit cells in the crystal.

Let us verify that, with these coefficients, the wave function is a Bloch function:

1 : | .
l/)k(l‘) = ﬁz '™ Rn Ps (l‘ _ Rn) = e'lT ﬁz e_lk.(r_Rn) (,05(1' _ Rn) .
n N n

-

o)
The function u (r) has the periodicity of the lattice. Therefore,

BAND . . Pr(r) = ey (1)
STRUCTURE is a Bloch function.
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

Near the site R, the crystal potential can be written as the potential of the isolated atom
at that site plus a correction:

U(r) = Uye(r — Ry) + AU, ()
Accordingly, in the vicinity of site n, the Hamiltonian becomes

. h? h?
H = ——mV2 + U(I‘) = ——mVZ + Uat(r — Rn) + AUn(r)

- -

~(n)
Hat

The term AU, (r)accounts for the modification of the isolated-atom energy levels
caused by the presence of the other atoms in the crystal.

Let us recall the expression for the Bloch wave function and analyze its

representation:
Y(@) = \/_Ne e n @s("’ — Rn) periodic
n function

BAND Plane wave
STRUCTURE
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

> L s _R(F-RD) (2T Lattice-
v = N Z ¢ "o (7 = Rp) periodic
n function

Plane wave

Atomic wave function
/® J) £ N\ % N\
Nt L L U/ LW

Plane wave
0O O -0 O O
=
Tight-binding BlochM
. P
wave function o @ @ @

The tight-binding Bloch function retains the localized shape of the atomic
orbital at each lattice site.

AT From site to site, its amplitude and phase are modulated by the
ikr

STRUCTURE plane-wave factor e
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

In the limit in which the overlap between orbitals centered on different sites is negligible,
the N states derived from the same atomic orbital remain degenerate at the atomic energy
E;. The band therefore collapses to a single N-fold degenerate energy level.

If the overlap between orbitals on neighboring sites is small but nonzero, the perturbation
AU(r) produces only a small change in the atomic energy. The tight-binding wave function
Yy (r) then provides a good approximation to the electronic wave function.

Let us substitute Yy (r)into the Schrodinger equation:

[ + AU(D)] 2 %Ne“‘"‘nq)s(r —R,) = E5(k) 2 %ﬁeik"‘ncps(r —R,)

We multiply on the left by the complex conjugate of the atomic orbital at the
reference site, ¢ (r), with Ry = 0, and integrate over r:

oikRp ~ oikRy
Z = f 0 (OFw + AUM®] 05 (r — Ry) d3r=Es(k>2 ~ f 0! (Dos(r — Ry) d°r.

BAND n n
STRUCTURE
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

We note that: f(p; (r) 7?[;?)%(1' —R,) d3r = E, J<p;‘ (r)e,(r—R,) d3r

Therefore:

D e b [ 93 (05— Ra) dr + ) e™Fn 03 (1) AU(E) ps(r = Ry) P

n

= 5,00 ) e [ gf (Ds(r - Ry) d¥r

Consequently

B = B Y e™®n [ 5 (gy(r - Ry) d*r

BAND

n
+y ety f 02 (1) AU (F) 9o(r — R,,) d3r = 0
n

STRUCTURE
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

This approximation is justified when the overlap between atomic orbitals centered on
different lattice sites is small.

In this limit, only the term with R,, = 0 is retained in the first summation. In the second
summation, we retain the on-site contribution, R,, = 0, together with the contributions
from the nearest-neighbor sites.

With this approximation, the previous equation becomes:

[E, — E,(K)] + j 03 (1) AUG(1) @5 (r) dor

+ Z eik.Rn'n' J(p; (I‘) AUn.n. (l‘) (Ps(r — Rn.n.) d?’T
n.n

where the sum runs over the nearest-neighbor sites, and R, , denotes

the lattice vectors connecting the reference site to its nearest neighbors.
BAND
STRUCTURE
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

Defining:
,8 = — jgﬂ; (I‘) AUO (l‘) QDS(I‘) dBT’, V(Rn.n.) - = jQD; (I‘) AUn.n.(r) QOS(I‘ - Rn.n.) dsr

Then: Es(k) = Es - ,8 — z eik.Rn'n' V(Rn.n.)
n.n

In this approximation, S shifts the atomic energy by a K-independent amount, whereas the
dispersion of E (K) is determined by the transfer integrals y (R, ).

For a linear chain with lattice constant a, R,, = na X, the nearest neighbors of the site

at the origin are located at
Ri = ia X.

Assuming equivalent nearest-neighbor transfer integrals,
y = y(+aX) = y(—aX),
BAND

STRUCTURE we obtain  E (k,) = E; — B — V(eikxa + e_ikxa)'
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice

Defining Ey,=E; - p,
the energy dispersion becomes
E.(k,) = E; — B — 2ycos(k,a) = E, — 2ycos(k,a).

The resulting energy band is shown in the Figure.

The bandwidth, defined as the energy range
spanned by the electronic states in the band, is

W=41yl.
As the distance between neighboring atoms
decreases, the overlap between their atomic
orbitals generally increases. -m/a 0 k m/a
Consequently, | y | increases and the band becomes broader.
In the limit of widely separated atoms, the overlap between atomic orbitals
vanishes and y — 0. The band then collapses into a single N-fold degenerate
atomic level: a flat band.
Thus, the bandwidth provides a measure of the degree of electron
delocalization in the crystal: a wider band corresponds to stronger intersite

-1.0

-1.4

BAND
STRUCTURE coupling and more delocalized electrons.


http://www.presentationgo.com/

3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice
2mm
Eq(lx +6) = Eg(ly),  G=———,meL
As discussed in connection with Bloch’s theorem, wavevectors that differ by a reciprocal-
lattice vector describe the same crystal momentum. Therefore, it is sufficient to consider k,
within the first Brillouin zone,

I3 I3
__Ska_
a a

If several atomic orbitals contribute to the electronic \

/

states, each orbital ¢, gives rise to a band of the form

e

Ey(ky) = Egq — 2yqcos(k,a) where Eyzy = Ey — By \

ThUS: \/
[, shifts the center of the band derived \

from orbital ¢,;
* the relative values of E,, determine \/\

the energy separation between bands T

arising from different atomic orbitals; s o @

/
\

0

I —
N

N
AN

SHE]
oy
w

BAND
STRUCTURE * yY,determines the bandwidth , W, =4 | y, |.
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3.5 TIGHT-BINDING MODEL

3.5.2 One-dimensional lattice
The discrete energy levels of isolated atoms evolve into energy bands when the atoms form a
crystal. For each orbital, a crystal with N unit cells generate N closely spaced electronic states.
Because different isolated-atom levels are separated in energy, the corresponding bands
may remain separated when their broadening is not large enough to make them overlap.
The energy intervals between such bands are forbidden gaps. A

The Figure shows the evolution of the energy levels in the tight-  ©nk i cd

n
binding limit as a function of the interatomic distance a. At the T
equilibrium distance a,, the atomic levels have broadened into ,

allowed energy bands separated by energy gaps. § 1
For a band derived from an atomic orbital ¢,

f

Eq(ky) = Eq — Ba — 2Y4c0s(kya). §
The parameter [, shifts the centre of the band relative to R
the isolated-atom energy E,, whereas the hopping a, a

integral y, determines its width.

As the atoms approach one another, the overlap between nearest-
neighbor atomic orbitals increases, |y, |becomes larger, and the
BAND bands broaden. This effect is generally more pronounced for outer,
STRUCTURE more spatially extended atomic orbitals.
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.1 Introduction

In three dimensions, the energy bands are described by the functions E, (Kk), defined
throughout reciprocal space. Because K has three components, a complete representation
of a band requires a three-dimensional energy surface.

For this reason, band structures are usually displayed as E,, (K) along selected high-
symmetry paths within the first Brillouin zone, i.e. in the reduced-zone scheme.

Even for free electrons, the dispersion relation is defined in three-dimensional K -
space. Restricting the representation to high-symmetry paths provides a compact and
physically meaningful description of the band structure..

The selected paths typically connect the centre of the first Brillouin zone to points
and lines with high symmetry on its boundary.

High-symmetry points and lines are conventionally denoted as follows:

* The centre of the first Brillouin zone is denoted by I'.

e High-symmetry lines inside the Brillouin zone are commonly denoted by
Greek letters.

e High-symmetry points on the Brillouin-zone boundary are commonly

BAND
STRUCTURE denoted by Roman letters.
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.2 High-symmetry points

We now define the high-symmetry points of the first Brillouin zone.

High-symmetry points and lines are points and lines in reciprocal space that remain
invariant under a nontrivial subgroup of the crystal point group. For cubic lattices, they
occur along, or at the intersections with the Brillouin-zone boundary of, directions related
to the principal crystallographic axes and to other equivalent low-index directions.

Let us consider the case of a simple cubic lattice.

The primitive lattice vectors are: a, = ai,,

A a
—~ uuZ
a3 = auzi a“y — -
where 1, @,,, and @1, are mutually orthogonal unit vectors. W
The primitive vectors of the reciprocal lattice are
2T 2T 2T

a a a
Therefore, the reciprocal lattice is also a simple cubic lattice, with lattice

BAND 2T
STRUCTURE constant —
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.2 High-symmetry points

The first Brillouin zone of a simple cubic lattice is a cube centred

at I', defined by T bl T
——< < —.
a” ¥VE T a
For a simple cubic reciprocal lattice, the high-symmetry
points of the first Brillouin zone are obtained by following

the shortest inequivalent crystallographic directions from I

to its boundary: (1001, (110], (111]. k,

The intersections of these directions with the first Brillouin-zone boundary define the

conventional high-symmetry points: T - x along [100],
r- M along [110],
>R along [111].

T
~,00),

BAND R — —,—).
STRUCTURE aaa



http://www.presentationgo.com/

3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.2 High-symmetry points

The high-symmetry paths of the simple cubic Brillouin zone a
conventionally denoted as follows:

['> X isdenoted by A,
> M isdenoted by %,
- R isdenoted by A. k,

For body-centred cubic and face-centred cubic lattices, the shapes of the first Brillouin
zones and the conventional labels of their high-symmetry points and paths are different.

Why are these high-symmetry directions special?

Along A, the corresponding real-space direction is Projection onto the plane xy
[100]. It contains a one-dimensional chain of lattice

sites with nearest-neighbour spacing a. ' ,'. °
Along %, the corresponding real-space direction is [110]. \‘%’
It contains a one-dimensional chain of lattice sites with e T ]
nearest-neighbour spacing v2a. ' 1\\
Along A, the corresponding real-space direction is | '\\
SAND [111]. It contains a one-dimensional chain of lattice | \y
A

STRUCTURE sites with nearest-neighbour spacing V3a.
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.3 Energy bands of a simple cubic lattice

In the free-electron approximation, the energy branches are:
2

81(()_(; = % |k — G|2

In the reduced-zone scheme, K is restricted to the first Brillouin zone. We now consider the
free—electron dispersion along selected high-symmetry directions in reciprocal space.
Let us consider the [100] direction, corresponding to the path: A k,
- X (A)

Along this direction, k can be written as:
T
a

k() =x—-1u,,0<y<1

where a is the lattice constant.

The free-electron branches along A are therefore

h?2 | m 2
|y la, -6

0 —
k-6 T om X g

BAND
STRUCTURE
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.3 Energy bands of a simple cubic lattice

We now consider the different reciprocal-lattice vectors G and
determine the corresponding free-electron branches along the

A direction.
For G =0,
the dispersion relation becomes w !
h? mo\2 =
0 2
Ek()()z_(_)() =Cx”, > C}
where Zmia £
h% N2 =
C= —(—) , 0<y<1. <
2m\a A >
(O]
This branch starts from zero energy at I' and reaches §
the energy C at the point X. 0 5
I A X

We now consider the non-zero reciprocal-lattice vector
G=1[1,0,0]
We first express G in terms of the reciprocal primitive vectors:

BAND
STRUCTURE G=Db,
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.3 Energy bands of a simple cubic lattice

G - b]_
Therefore, 7
G=—1
a X
Substituting k() and G in the free-electron dispersion relation, we obtain
A% | m 2 | 4
0 M s et ~ 4C
#1,0,0] () = om X ax T g M =
-]
which gives: g
h% 2 5
0 — (= . 2 —
ef00/0 =5-(2) (=2) < c
on
The corresponding branch becomes §
M
8?1,0,0] () =Clx — 2)2 0
At the endpoints of the A path, / i
0 _ 0 _
BAND 8[1,0,0] (0) = 4(C, and 8[1,0,0] (1) = (.

STRUCTURE
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.3 Energy bands of a simple cubic lattice

By considering the relevant reciprocal-lattice vectors G and repeating the calculation along
the main high-symmetry directions, we obtain the free-electron band structure of a simple
cubic lattice: [000] [400] [344) [000] [410] [400]<— (in units of 27/a)

17 K
The energy branches are plotted 15_\_( /& ; / \>( ule \ L8 o
along the high-symmetry path ' / 3 ' / x \K ' X;F L
L / \ VA e o
r-X-R-T-M-X 1 / SENEFAREEY K /
in the first Brillouin zone. L. \ \ // ..\ >( / : \ /Flg\r/?:li
5 N g s 7 \ 0 - WY
If z is the number of electrons £ 1\ A\ //‘ \ \ // B < 17
per primitive cell of volume =£ \ ~ % ‘\ 5§ 7
a3, then z e ol ;1\ Slf 2 1
n = —3 - \ / \ 2% ,/
and the Fermi energy is . % F :
n2 [3g27\2/% T X R T M X X R M
EF = m\ a3 The horizontal lines in the diagram indicate the Fermi

. energies corresponding to different values of z, i.e. to
STRUCTURE different numbers of electrons per primitive cell.
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.4 Energy bands of a body-centered lattice

For a body-centered cubic (BCC) lattice, the reciprocal lattice is face-centered cubic (FCC).
Therefore, the first Brillouin zone is a rhombic dodecahedron

The intersection of the [100] direction with the boundary of the
first Brillouin zone defines the point H.

The intersection of the [110] direction with the boundary of the ..,\-
first Brillouin zone defines the point N. d

The intersection of the [111] direction with the boundary of
the first Brillouin zone defines the point P.

The high-symmetry line from I’ to H is denoted by A.

The high-symmetry line from I' to N is denoted by 2.

The high-symmetry line from I' to P is denoted by A.
BAND
STRUCTURE
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.4 Energy bands of a body-centered lattice

[000] [100] 3431 [000] [330]<—:(in units of 27/a)

S 3 - “ /. »
K >( b
g ."\.--:
‘.5 [ .: * 0". 2 ; -/ :'& .
:‘2 ] Y \ / '0. ] P
=3 ' < K
£ \ X =| ,~ Fermi
) ; A F N, 1 3|/ / level
Qh) [ "o \ ., e Yo \ \( '\ 84: =
2 AN \ - 7 \ h — A
w . \ / \\ e T 5% \
= ] : =
X\ L 7. \ $‘§3 N
Z —— N 7 158 P
= / Y = f e
7 N 7 m
o— i |
r H P I N H N !
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.5 Energy bands of a face-centered lattice

For a face-centered cubic (FCC) lattice, the reciprocal lattice is body-centered cubic (BCC).
Therefore, the first Brillouin zone is a truncated octahedron. e ———
o v

The intersection of the [100] direction with the boundary of the
first Brillouin zone defines the point X.

The intersection of the [110] direction with the boundary of the — A
first Brillouin zone defines the point K. =

The intersection of the [111]direction with the boundary of the
first Brillouin zone defines the point L.

The high-symmetry line from I' to X is denoted by A.

The high-symmetry line from I' to K is denoted by .

BAND
STRUCTURE
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3.6 BAND STRUCTURES IN THREE DIMENSIONS

3.6.5 Energy bands of a face-centered lattice

2
< (000) [100] [140) 1344) [000) 1330] (100}
\

F' 7 IN TV /N NN L
7N x W\

NN
~

]
-~
—
LY
<
-l

S
& . y
N R Fermi
= level
o /
4] - =
§ 3 773
F 5 3
-
L 3 g
1 2 @
(]
1
0

=
e
g
h
=
X
e
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3.7 ORTHOGONALIZED PLANE WAVES

Let us begin by explicitly distinguishing between core and valence electrons.

Core-electron wave functions are strongly localized around the atomic nuclei.

Valence electrons, on the other hand, have a significant probability of being found in the
interstitial regions between neighbouring atoms. In these regions, their wave functions can
often be represented accurately by a relatively small number of plane waves.

For an isolated silicon atom, the electron configuration is:
152252%2p®3523p*?

The core electrons 1s? 2s2 2p® are treated as localized states that do not participate

directly in chemical bonding or in the formation of the valence bands.

A

The valence electrons, 352 3p?, determine the Energy

bonding properties of the crystal and play the
main role in the formation of its energy bands.

Isolated silicon atom

Electron configuration

il . . . . number of electrons in the orbital
Silicon crystallizes in the diamond-cubic . & ; Ny 352t3p2t
structure. The atomic 3sand 3porbitals T

hybridize to form four Sp3hybrid orbitals. e

BAND
STRUCTURE

equal covalent bonds with four nearest-neighbour atoms.

® electron

*—@

3p
3s

*—@

000090 2

—@ 2s

1s

—@

ENERGY LEVELS

These orbitals have the same shape, energy, and spatial orientation
relative to the tetrahedral bonding geometry. Each silicon atom forms four
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3.7 ORTHOGONALIZED PLANE WAVES

Why can a nearly-free-electron approximation be reasonable for valence electrons, even
though they are involved in chemical bonds?

Away from the atomic cores, the nuclear potential is strongly screened by the core
electrons. In the interstitial regions, the effective potential experienced by valence electrons
is therefore relatively weak and smooth.

For this reason, valence-electron wave functions can often be approximated by a small
number of plane waves in the interstitial region.

Close to the nuclei, however, valence-electron wave functions must remain orthogonal to
the occupied core-electron states.

From now on, we use the superscript ¢ to indicate core states and the superscript v to
indicate valence states.

How do we describe the orthogonality of electronic wave functions?

A set of complex wave functions is said to be orthonormal if

jlp;; (r) Y, (r) d3r = Onm

As a zeroth-order approximation, we describe the valence electrons as free

electrons and represent them by plane waves of the form
1 .

BAND —elkr

STRUCTURE VO
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3.7 ORTHOGONALIZED PLANE WAVES

A more refined approximation, introduced by Herring, is to require that the valence-
electron wave functions be orthogonal to all occupied core states.

The valence-electron wave functions can therefore be represented by orthogonalized
plane waves (OPWs) of the form

() = =

1 .
el Z biee WE(T)

The sum runs over all core bands ¢ at the same Bloch wave vector K.

The core wave functions 1y (1) are assumed to be known. They are commonly constructed
from localized atomic core orbitals.

The coefficients bg.are determined by requiring that the OPW ¢f2pwbe orthogonal to

every core state:
f WEMT $27W(r) dir = 0

Substituting the OPW expansion,

BRI = =T+ PEEAC

and using the orthonormality of the core states

BAND j[l/)k(r)] \/— e®T d3r + z by 6y0r =0

STRUCTURE


http://www.presentationgo.com/

3.7 ORTHOGONALIZED PLANE WAVES

Therefore

bie j e’ r ekt g3y

Since the core wave functions are strongly localized near the nuclei, their contribution to
the OPW is negligible in the interstitial region. There, the orthogonalized plane wave is
therefore very close to a single plane wave.

Since the core Bloch functions Y (r) satisfy Bloch’s theorem, the orthogonalized plane

waves qbf()PW(r) also satisfy Bloch’s theorem. Indeed, both terms entering the OPW
construction have the same Bloch wave vector K.

Therefore, the eigenstates of the Schrodinger
equation can be expanded in the OPW basis as

Ui (r) = z Ckc ¢OPW(r) where the sum runs over all reciprocal-lattice

vectors G.
G

The coefficients cx_g and the energy bands (k) are determined by solving the
corresponding secular equation.

The crystal potential U(r) enters the secular equation through the matrix
elements

BAND Uger (K) = f [p2PV ()] U ) 2P (r) d3r.

STRUCTURE
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3.8 PSEUDOPOTENTIAL

Pseudopotential theory builds on the orthogonalized plane-wave method and provides a
widely used framework for electronic-structure calculations in periodic solids.
We introduce the method in its simplest form.

Let us expand a valence eigenstate as a linear combination of orthogonalized plane waves:

YR = ) aig SRR (D)

G
Each OPW consists of a pIane-wave contribution and a linear combination of core states:

Pt (r) = \/_ﬁ eltk=G)r 4 Z bk—6,c Yi-c(r)

C
Substituting this expression into the valence-state expansion gives

Yr) = ) ok “ 75 el(k=G)T chk ¢ bk—6c Yr—c(D).

Since K— G and kdescrlbe equivalent Bloch wave vectors, the core states in
the second term can be labeled by K. Defining
By _ch G br—cc

G

1 .
1/1112(1‘) — 2 Ck_G\/_ﬁel(k—G)-r + z By, l/Jﬁ(I')

we can write

BAND
STRUCTURE G
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3.8 PSEUDOPOTENTIAL

We isolate the plane-wave expansion of the
valence state and denote it by ¢y, (1):

1 .
V(p) = Cu_ el(k—G)'l‘
P (r) EG k=G /=

Using the OPW construction, the valence wave function can then be written as
W) = BL) - E [ | ey i dsr'] pE()
Cc

Since Yy (1) is a valence-electron wave function, it satisfies the Schrédinger equation with
eigenvalue &p: .
Hip(r) = gy (r)

Substituting the expression above for Y. (r), we obtain

Heg(r) — 2 U [P (D] P (r') d37”] Hip ()

BAND
STRUCTURE

= &1 Pp(r) — Z U [WE(rD]* pL(r") dBrr] YE(r)
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3.8 PSEUDOPOTENTIAL

For core electrons:

Hyi(r) = gy (r)

Substituting this into the previous expression gives

Hepy (r) — 2 [jd3 r e (r') (;bl'i(r')] () = e S Pr(r) — 2 [jd3 r' Y (") pp(r) | PE(r)

Cc c

Bringing the second term on the right-hand side to the left-hand side, we obtain
HO) + (el — &) | [ €21 v ) 94 | o) = el i)
Let us define the opecrator VR, acting on a generic function ¢, as
o= ek e | [ @7 @) 0| wio
The previous equatcion can therefore be written as

BAND (H 4+ VR)pp(r) = ef dpp(r)

STRUCTURE
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3.8 PSEUDOPOTENTIAL

We have thus obtained a Schrédinger equation for ¢y (r), namely the plane-wave, or
smooth, part of the Bloch function describing a valence electron.

If ¢p.(r) can be approximated by a superposition of only a few plane waves, the valence
energy levels of the effective operator H + VE can be determined within the nearly-free-
electron approach.

The pseudopotential VPS€Ud0 js defined by combining the real periodic potential U(r) with

the operator V' R:
ypseudo — [y 4 R

ypseudo s sanerally non-local and energy-dependent through VE.

Since ;2

H=-—V*+U
2m
we can write
hz
H + VR — __VZ 4+ Vpseudo
2m

The central assumption is that VPS€udo js sufficiently weak for the

BAND valence levels to be calculated using the nearly-free-electron method.

STRUCTURE
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3.8 PSEUDOPOTENTIAL

Since the ionic part of the real periodic potential U(r) is strongly attractive near the nuclei, it
is negative in the core region.

On the other hand, the valence-state energy lies above the energy of each core state:

ey > Ex
Therefore, the operator VE provides a positive, repulsive contribution in the core region.
When VR is added to U, a substantial cancellation occurs near the nuclei.

As a result, the pseudopotential is much weaker than the original ionic potential. This
justifies treating VPS€Ud0 a5 3 weak perturbation and applying the nearly-free-electron
model to the smooth function ¢y ().

Qualitative interpretation

The pseudopotential may be viewed qualitatively as the result of

combining a long-range attractive potential with a short-range repulsive

contribution. Their partial cancellation strongly reduces the potential in
the core region, making it much smoother and weaker than the bare

A Coulomb potential

STRUCTURE ulomb potential.
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3.8 PSEUDOPOTENTIAL

Vi(r)

Although VR is generally non-local, simple band-structure A

calculations often replace the effective pseudopotential with

a local model potential. . e

One of the simplest examples is the empty-core pseudopotential. | v
It reproduces the Coulomb potential outside a core radius 7,

Empty-core pseudopotential

/ > I
,”,‘—

S

-

while it is set equal to zero inside the core region: 7N
7 Bare ionic potential —Ze?/r
0, 0<r<r,
VpseudO(T.) — 72
-, >,
T

Here, Z is the valence of the atomic species (Z = 4 for silicon), and 7, is the core radius.
This parameter is chosen to reproduce selected experimental or atomic properties.

For band-structure calculations, the relevant quantities V(q) V(e) ~f V(g)e' dq
. . A
are the Fourier components of the pseudopotential. For (s soND snoT
the empty-core model, they are >q
AmtZe?
d —
ypseudo(gy = — = cos(qry), q+0
Thus, the single parameter r.determines the Viq=G) FOR
[ -%E
AN Fourier components that couple plane waves R s R

STRUCTURE in the nearly-free-electron description. FOR METALS
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3.8 PSEUDOPOTENTIAL

The Fourier components of the pseudopotential decrease in Vf?) Vi)~ Vig)e dg
magnitude at large wave vectors g. Consequently, only a limited e
number of plane waves is generally required to represent the =7 1
smooth valence function ¢ (r).

Let us now return to the general OPW pseudopotential and Viq=G) FOR
make two important observations: ~%Er

\_SCREENED ION LIMIT
FOR METALS

« The operator VR, and hence the general pseudopotential VPseudo — iy 4 VR is non-
local. Its action on a generic function ¢@(r) is not simply given by multiplication by a
function of position.

* The operator VR explicitly depends on the valence energy ey .
Therefore, the effective Hamiltonian H + V&is energy-dependent. As a
consequence, some standard results for energy-independent Hermitian
Hamiltonians—such as the wusual orthogonality relation between
eigenfunctions with different eigenvalues—cannot be applied without
further consideration.

BAND
STRUCTURE
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3.8 PSEUDOPOTENTIAL

The energy dependence of VR can be removed by replacing the valence-state energy &p
appearing in its definition with a fixed reference energy. For metals, a natural choice is the
Fermi energy Ef.

We then define VERF(p(r) = z(EF — &) Ud3 r e (r") (p(rr)] Yr(r).

The effective Hamiltonian
H+ Vg,

is now energy-independent. Its eigenvalues do not, in general, coincide exactly with those
of the original Hamiltonian; however, the approximation preserves the states at the
reference energy Erand is therefore particularly suitable for describing the electronic
structure close to the Fermi level.

For example, by determining all wave vectors K for which ¢, = Er, one can
reconstruct the Fermi surface.

Pseudopotential methods have become central tools for calculating the
electronic band structures of crystals.

PHYSICAL REVIEW VOLUME 103, NUMBER § SEPTEMBER 1. 1956

Application of the Orthogonalized Plane-Wave Method to Silicon Crystal*

Troman 0. Woonrurrt
Departnent of Physics, University of Ilinois, Urbana, Ilineis
{Received March 28, 1956)

Approximate solutions for k=0 of the Hartree-Fock-Slater equations for a perfect silicon crystal have

been obtained by the orthogonalized plane-wave method. Estimates e energy eigenvalues of the valence

BAN D and conduction states for k=0 are given. A simple method for obtai a first approximation to the crystal
potential and its Fourier coefficients was used. Approximate anal wave functions and corresponding

STR U CTU RE energy eigenvalues for the 15, 25, and 2p states in the isolated silicon atom were determined by a variational

technique.
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   H ^ Ψ =   ∑  l = 1 N   [ −    ℏ 2  𝛻 l 2  2 m + U  (    r l → ) ] Ψ  (    r l → …    r N → ) = ℇ Ψ  (    r l → …    r N → )


  N


  U  (    r l → )


   ( −    ℏ 2  𝛻 l 2  2 m + U  (    r l → ) )  𝜓 l  (    r l → ) =  ℇ l  𝜓 l  (    r l → )


  N


  E =   ∑  l   ∈   occupied   𝜀 l


  U  ( 𝐫 ) = 0


  N


  U  (    r l → )


   H ˆ = −   ∑  l = 1 N     ℏ 2  2 m  𝛻 l 2


   H ˆ Ψ  (  𝐫 1 , … ,  𝐫 N ) = E Ψ  (  𝐫 1 , … ,  𝐫 N )


  L


  V =  L 3


   𝜓   k → =  1   V  e  i  k → ∙  r →


  Ψ  ( … ,  x j + L ,  y j ,  z j , … ) = Ψ  ( … ,  x j ,  y j ,  z j , … )


  Ψ  ( … ,  x j ,  y j + L ,  z j , … ) = Ψ  ( … ,  x j ,  y j ,  z j , … )


  Ψ  ( … ,  x j ,  y j ,  z j + L , … ) = Ψ  ( … ,  x j ,  y j ,  z j , … )


  𝐤 =   2 𝜋 L  (  n x  𝐱 ˆ +  n y  𝐲 ˆ +  n z  𝐳 ˆ ) ,      n x ,  n y ,  n z ∈ ℤ


  1 /  V


    ∫ V     |  𝜓 𝐤  ( 𝐫 ) | 2    d 3 r = 1


  𝐤  


   𝜀 𝐤 =    ℏ 2  k 2  2 m


  𝐤


  𝐤 = 0


   | 𝐤 |


  k =  | 𝐤 |


  k


  𝐤


   k F


   𝜀 𝐤 =    ℏ 2  k 2  2 m ,


   ( 𝐤 , 𝜎 )


  N


   f  𝐤 𝜎 =  {    1 ,  if the state is occupied ,   0 ,  if the state is empty .


   f  𝐤 𝜎 = 1     for      | 𝐤 | ≤  k F ,


   f  𝐤 𝜎 = 0     for      | 𝐤 | >  k F .


   k F


   | 𝐤 | =  k F


  𝐤  


   k 2


   𝜀 𝐤 =    ℏ 2  k 2  2 m


  V =  L 3


  𝐤  


  𝐤 =   2 𝜋 L  (  n x  𝐱 ˆ +  n y  𝐲 ˆ +  n z  𝐳 ˆ ) ,      n x ,  n y ,  n z ∈ ℤ .


  𝐤


  𝐤


  2 𝜋 / L


  𝐤  


  Δ  k x Δ  k y Δ  k z =    (   2 𝜋 L ) 3 =      ( 2 𝜋 ) 3 V


  N = 2    4 3 𝜋  k F 3     ( 2 𝜋 / L ) 3 =  V  3  𝜋 2  k F  3 .


  n =  N V =    k F 3  3  𝜋 2


   k F =    ( 3  𝜋 2  N V )  1 / 3 =    ( 3  𝜋 2 n )  1 / 3


   v F =   ℏ  k F m =  ℏ m    ( 3  𝜋 2 n )  1 / 3


   k F


  n =  N V =    k F 3  3  𝜋 2


   E F =    ℏ 2  k F 2  2 m =    ℏ 2  2 m    ( 3  𝜋 2 n )  2 / 3 .


   E F


   𝜀 𝐤 =  E F .


   k F  


   E F


   E F =    ℏ 2  2 m    ( 3  𝜋 2  N V )  2 / 3 =    ℏ 2  2 m    ( 3  𝜋 2 n )  2 / 3 ,


   E F =    ℏ 2  2 m    ( 3  𝜋 2  N V )  2 / 3


  𝒩  ( E )


  E


  𝒩  ( E ) =  V  3  𝜋 2    (   2 m E   ℏ 2 )  3 / 2


  D  ( E ) =   d 𝒩  ( E )  d E =  V  2  𝜋 2    (   2 m   ℏ 2 )  3 / 2  E


  D  ( E ) =  3 2   𝒩  ( E ) E


  3 / 2


  𝒩  ( E )


   T F =    E F   k B ,


   k B  


  n ∼  10 28    m  − 3 ;


   k F ∼  10 10    m  − 1


  ;


   v F ∼  10 6   m    s  − 1 ;


   E F ∼ a few eV ;


   T F ∼  10 4 −  10 5   K


  N


  T = 0


  f  ( 𝜀 ) =  {    1 ,  𝜀 <  E F ,   0 ,  𝜀 >  E F .


   k B T


  𝜀


  f  ( 𝜀 , T ) =  1   exp ⁡   [   𝜀 − 𝜇  ( T )   k B T ] + 1 .


  𝜇  ( T )


  𝜀


  𝜀 + d 𝜀


  g  ( 𝜀 )   d 𝜀


  g  ( 𝜀 ) =   D  ( 𝜀 ) V


  f  ( 𝜀 , T )


  n =   ∫ 0 ∞ g  ( 𝜀 )   f  ( 𝜀 , T )   d 𝜀


  𝜀 ≥ 0


  𝜇  ( T )


  n


  f  ( 𝜀 , T ) =  1   exp ⁡   [   𝜀 − 𝜇  ( T )   k B T ] + 1


  f  ( 𝜀 , 0 ) =  {    1 ,  𝜀 <  E F ,   0 ,  𝜀 >  E F .


  n =   ∫ 0  𝜇  ( 0 ) g  ( 𝜀 )   f d 𝜀


  T = 0


   E F


  n =   ∫ 0   E F g  ( 𝜀 )   d 𝜀 .


  n =   ∫ 0  𝜇  ( 0 ) g  ( 𝜀 )   f d 𝜀


  n =   ∫ 0   E F g  ( 𝜀 )   f d 𝜀


  𝜇  ( 0 ) =  E F .


  f  ( 𝜀 , T ) =  1   exp ⁡   [   𝜀 − 𝜇  ( T )   k B T ] + 1


  f  ( 𝜇 , T ) =  1 2


  T > 0


  n =   ∫ 0 ∞ g  ( 𝜀 )  1   exp ⁡   [   𝜀 − 𝜇  ( T )   k B T ] + 1   d 𝜀 .


  T ≪  T F


   k B T ≪  E F


  𝜇  ( T ) ≃  E F  [ 1 −    𝜋 2 12    (    k B T   E F ) 2 ]


   k B T


   E F


  𝜇  ( T ) ≃  E F  [ 1 −    𝜋 2 12    (    k B T   E F ) 2 ]


  T = 0


  0 < T ≪  T F


   k B T


  𝜇  ( T )


  f  ( 𝜇  ( T ) , T ) =  1 2


  f  ( 𝜀 , T ) =  1   exp ⁡   [   𝜀 − 𝜇  ( T )   k B T ] + 1


  f  ( 𝜀 , T ) ≪ 1 .


   exp ⁡   (   𝜀 − 𝜇   k B T ) ≫ 1 ,


  f  ( 𝜀 , T ) ≃  exp ⁡   [ −   𝜀 − 𝜇   k B T ]


   ⟨ 𝜀 ⟩ =  3 2  k B T ,


   U cl =  3 2 N  k B T ,      C  V , cl =  3 2 N  k B .


  N


   3 2 N  k B


  T ≪  T F


   k B T


   E F


  N


   k B T


  Δ  U e ∼ N  T   T F  k B T = N  k B    T 2   T F .


   C  V , e =   𝜕  U e  𝜕 T ∼ N  k B  T   T F .


   T   T F =    k B T   E F


  T


   N active ∼ N  T   T F .


   C  V , e =    𝜋 2 2 N  k B  T   T F ,   T ≪  T F .


  U  ( 𝐫 + 𝐑 ) = U  ( 𝐫 ) ,


  𝐑 =  n 1  𝐚 1 +  n 2  𝐚 2 +  n 3  𝐚 3 ,    n 1 ,  n 2 ,  n 3 ∈ ℤ .


   H ^ = −    ℏ 2  2 m  ∇ 2 + U  ( 𝐫 ) .


   H ^ =      𝐩 ^    2  2 m + U  ( 𝐫 ) .


   [ −    ℏ 2  2 m    d 2  d  x 2 + U  ( x ) ] 𝜓  ( x ) = 𝜀 𝜓  ( x )


  U  ( x + a ) = U  ( x )


  a  


  N


  L = N a


  𝜓  ( x ) = 𝜓  ( x + L )


  U  ( x ) = 0


   𝜓 k  ( x ) =    e  i k x   L


  U  ( x + a ) = U  ( x ) ,


   𝜓 k  ( x ) =  e  i k x  u k  ( x )


   u k  ( x )


   u k  ( x + a ) =  u k  ( x ) .


   𝜓  n k  ( x + a ) =  e  i k a  𝜓  n k  ( x ) .


   e  i k L = 1 ,   k =   2 𝜋 m L ,   m ∈ ℤ


   𝜓 k  ( x ) =    e  i k x   N u ( x )


   u k  ( x )


    ∫ 0 a     ∣  u k  ( x ) ∣ 2 d x = 1


   𝜓 k  ( x )


  L = N a


    ∫ 0 L     ∣  𝜓 k  ( x ) ∣ 2 d x = 1


   u k  ( x )


   e  i k x


  U  ( 𝐫 + 𝐑 ) = U  ( 𝐫 )


  U  ( 𝐫 ) =   ∑ 𝐆   U 𝐆  e  i 𝐆 ⋅ 𝐫


   U 𝐆 =  1   V c   ∫   V c U  ( 𝐫 )  e  − i 𝐆 ⋅ 𝐫    d 3 r


   U 0 =  1   V c   ∫   V c U  ( r )    d 3 r = 0


   U  − G =  U G ∗ ,     ∀   G


  U  ( r ) = U  ( − r )


   U  − G =  U G ∗ ,     ∀   G


  U  ( r ) = U  ( − r )


   U  − G =  U G


   U 𝐆 ∈ ℝ


   U G =  U G ∗


  𝜓  ( 𝐫 ) =   ∑ 𝐪   c 𝐪  e  i 𝐪 ⋅ 𝐫 ,


  U  ( 𝐫 ) =   ∑ 𝐆   U 𝐆  e  i 𝐆 ⋅ 𝐫


  −    ℏ 2  2 m  ∇ 2 𝜓  ( 𝐫 ) =   ∑ 𝐪     ℏ 2  q 2  2 m  c 𝐪  e  i 𝐪 ⋅ 𝐫


   H ^ =      𝐩 ^    2  2 m + U  ( 𝐫 )


  −    ℏ 2  2 m  ∇ 2 𝜓  ( 𝐫 ) =   ∑ 𝐪     ℏ 2  q 2  2 m  c 𝐪  e  i 𝐪 ⋅ 𝐫


   H ^ =      𝐩 ^    2  2 m + U  ( 𝐫 )


  U  ( 𝐫 ) 𝜓  ( 𝐫 ) =   ∑  𝐆 , 𝐪   U 𝐆  c 𝐪  e  i  ( 𝐪 + 𝐆 ) ⋅ 𝐫


  𝜓  ( 𝐫 ) =   ∑ 𝐪   c 𝐪  e  i 𝐪 ⋅ 𝐫


  U  ( 𝐫 ) =   ∑ 𝐆   U 𝐆  e  i 𝐆 ⋅ 𝐫


   𝐪 ′ = 𝐪 + 𝐆


  U  ( 𝐫 ) 𝜓  ( 𝐫 ) =   ∑   𝐪 ′   (   ∑ 𝐆   U 𝐆  c   𝐪 ′ − 𝐆 )  e  i  𝐪 ′ ⋅ 𝐫 .


    ∑ 𝐪   [    ℏ 2  q 2  2 m  c 𝐪 +   ∑ 𝐆   U 𝐆  c  𝐪 − 𝐆 ]  e  i 𝐪 ⋅ 𝐫 = 𝜀   ∑ 𝐪   c 𝐪  e  i 𝐪 ⋅ 𝐫 .


    ∑ 𝐪   [    ℏ 2  q 2  2 m  c 𝐪 +   ∑ 𝐆   U 𝐆  c  𝐪 − 𝐆 ]  e  i 𝐪 ⋅ 𝐫 = 𝜀   ∑ 𝐪   c 𝐪  e  i 𝐪 ⋅ 𝐫


   e  i 𝐪 ⋅ 𝐫


    ∑ 𝐪   e  i 𝐪 ⋅ 𝐫  [  (    ℏ 2  q 2  2 m − 𝜀 )  c 𝐪 +   ∑ 𝐆   U 𝐆  c  𝐪 − 𝐆 ] = 0


   e  i 𝐪 ⋅ 𝐫


   (    ℏ 2  q 2  2 m − 𝜀 )  c 𝐪 +   ∑ 𝐆   U 𝐆  c  𝐪 − 𝐆 = 0 ,     ∀   𝐪 .


  𝐪


  𝐪  


  𝐆


  𝐪 ⟷ 𝐪 − 𝐆 .


   (    ℏ 2  q 2  2 m − 𝜀 )  c 𝐪 +   ∑ 𝐆   U 𝐆  c  𝐪 − 𝐆 = 0


   c 𝐪


  𝜀


  𝐪


  𝐪 = 𝐤 − 𝐆


  𝐤


  𝐆  


   c  𝐤 − 𝐆


  𝐤


  𝐤


  𝐤


   𝜓 𝐤  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆  e  i  ( 𝐤 − 𝐆 ) ⋅ 𝐫 .


  𝜓  ( 𝐫 ) =   ∑ 𝐪   c 𝐪  e  i 𝐪 ⋅ 𝐫


  𝐪 = 𝐤 − 𝐆


   e  i 𝐤 ⋅ 𝐫


   𝜓 𝐤  ( 𝐫 ) =  e  i 𝐤 ⋅ 𝐫   ∑ 𝐆   c  𝐤 − 𝐆  e  − i 𝐆 ⋅ 𝐫


   u 𝐤  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆  e  − i 𝐆 ⋅ 𝐫


   𝜓 𝐤  ( 𝐫 ) =  e  i 𝐤 ⋅ 𝐫  u 𝐤  ( 𝐫 )


  𝐆 ⋅ 𝐑 = 2 𝜋 m


  m ∈ ℤ


   u 𝐤  ( 𝐫 )


   u 𝐤  ( 𝐫 + 𝐑 ) =  u 𝐤  ( 𝐫 )


   (    ℏ 2  q 2  2 m − 𝜀 )  c 𝐪 +   ∑  𝐆 ′   U  𝐆 ′  c  𝐪 − 𝐆 ′ = 0


  𝐪 = 𝐤 − 𝐆


   [    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2 − 𝜀 ]  c  𝐤 − 𝐆 +   ∑   𝐆 ′   U   𝐆 ′  c  𝐤 − 𝐆 −  𝐆 ′ = 0


   𝐆  ′ ′ = 𝐆 −  𝐆 ′


   [    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2 − 𝜀 ]  c  𝐤 − 𝐆 +   ∑   𝐆  ′ ′   U  𝐆 −  𝐆  ′ ′  c  𝐤 −  𝐆  ′ ′ = 0


  𝐤


   c  𝐤 − 𝐆


  𝐤


   𝐤 ′


   𝜓 𝐤  ( 𝐫 ) =  e  i 𝐤 ⋅ 𝐫  u 𝐤  ( 𝐫 )


   𝜓   𝐤 ′  ( 𝐫 ) =  u ′  ( 𝐫 )  e  i  𝐤 ′ ⋅ 𝐫


   𝐤 ′ = 𝐤 +  𝐆 ′


   𝜓   𝐤 ′  ( 𝐫 ) =  u ′  ( 𝐫 )  e  i  ( 𝐤 +  𝐆 ′ ) ⋅ 𝐫 =  e  i 𝐤 ⋅ 𝐫  [  u ′  ( 𝐫 )  e  i  𝐆 ′ ⋅ 𝐫 ] .


   u ′  ( 𝐫 )


   u ′  ( 𝐫 ) =   ∑ 𝐆   c   𝐤 ′ − 𝐆  e  − i 𝐆 ⋅ 𝐫


   u 𝐤  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − G  e  − i 𝐆 ⋅ 𝐫


      𝜓   𝐤 ′  ( 𝐫 )  =  e  i 𝐤 ⋅ 𝐫  [   ∑ 𝐆   c   𝐤 ′ − 𝐆  e  − i 𝐆 ⋅ 𝐫  e  i  𝐆 ′ ⋅ 𝐫 ] =   e  i 𝐤 ⋅ 𝐫  [   ∑ 𝐆   c  𝐤 +  𝐆 ′ − 𝐆  e  − i  ( 𝐆 −  𝐆 ′ ) ⋅ 𝐫 ]


     [    ℏ 2  2 m    (  k → −  G → ) 2 − ℇ ] c   k → −  G → +   ∑     G ′ →   U     G ′ → −  G →  c   k → −    G ′ → = 0


    k ′ → =  k → +    G  ′ ′ →


     [    ℏ 2  2 m    (  k → +    G  ′ ′ → −  G → ) 2 − ℇ ] c   k → +    G  ′ ′ → −  G → +   ∑     G ′ →   U     G ′ → −  G →  c   k → +    G  ′ ′ → −    G ′ → = 0


      𝜓   𝐤 ′  ( 𝐫 )  =  e  i 𝐤 ⋅ 𝐫  [   ∑ 𝐆   c  𝐤 +  𝐆 ′ − 𝐆  e  − i  ( 𝐆 −  𝐆 ′ ) ⋅ 𝐫 ]


   𝜓 𝐤  ( 𝐫 ) =  e  i 𝐤 ⋅ 𝐫  u 𝐤  ( 𝐫 )


   𝐆  ′ ′ = 𝐆 −  𝐆 ′


   𝜓   𝐤 ′  ( 𝐫 ) =  e  i 𝐤 ⋅ 𝐫  [   ∑   𝐆  ′ ′   c  𝐤 −  𝐆  ′ ′  e  − i  𝐆  ′ ′ ⋅ 𝐫 ] =  𝜓 𝐤  ( 𝐫 ) .


   u 𝐤  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − G  e  − i 𝐆 ⋅ 𝐫


  𝐤


  𝐤 +  𝐆 ′


  𝐤


   𝐤 ′ = 𝐤 +  𝐆 ′


   𝐤 ′ = 𝐤 +  𝐆 ′


   [    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2 − 𝜀 ]  c  𝐤 − 𝐆 +   ∑   𝐆  ′ ′   U  𝐆 −  𝐆  ′ ′  c  𝐤 −  𝐆  ′ ′ = 0


   [    ℏ 2  2 m    ∣ 𝐤 ′ − 𝐆 ′ − 𝐆 ∣ 2 − 𝜀 ]  c   𝐤 ′ − 𝐆 ′ − 𝐆 +   ∑   𝐆  ′ ′   U  𝐆 −  𝐆  ′ ′  c   𝐤 ′ − 𝐆 ′ −  𝐆  ′ ′ = 0


   𝐆 ~ =  𝐆 ′ + 𝑮 ,        𝐆 ~ ′ =  𝐆 ′ +  𝐆  ′ ′


   [    ℏ 2  2 m    ∣ 𝐤 ′ −  𝐆 ~ ∣ 2 − 𝜀 ]  c   𝐤 ′ −  𝐆 ~ +   ∑     𝐆 ~ ′   U   𝐆 ~ −    𝐆 ~ ′  c   𝐤 ′ −    𝐆 ~ ′ = 0


   𝐆 ~


     𝐆 ~ ′


  𝐤


   𝐤 ′ = 𝐤 +  𝐆  ′ ′


  𝐤


  𝐤


   [ −    ℏ 2  2 m  ∇ 2 + U  ( 𝐫 ) ]  𝜓 𝐤  ( 𝐫 ) =  𝜀 𝐤  𝜓 𝐤  ( 𝐫 )


   𝜓 𝐤  ( 𝐫 ) =  e  i 𝐤 ⋅ 𝐫  u 𝐤  ( 𝐫 )


   u 𝐤  ( 𝐫 )


   [    ℏ 2  2 m    ( − i ∇ + 𝐤 ) 2 + U  ( 𝐫 ) ]  u 𝐤  ( 𝐫 ) =  𝜀 𝐤  u 𝐤  ( 𝐫 )


   u 𝐤  ( 𝐫 + 𝐑 ) =  u 𝐤  ( 𝐫 )


  𝐤


   u  n 𝐤  ( 𝐫 )


  n = 1


  n = 2


  n = 3


  n = 4


  n = 1


  n = 2


  n = 3


  n = 4


   [    ℏ 2  2 m    ( − i ∇ + 𝐤 ) 2 + U  ( 𝐫 ) ]  u 𝐤  ( 𝐫 ) =  𝜀 𝐤  u 𝐤  ( 𝐫 )


   u 𝐤  ( 𝐫 + 𝐑 ) =  u 𝐤  ( 𝐫 )


  n


  𝐤


  𝐤


  n


   𝜀  1 𝐤 ,    𝜀  2 𝐤 ,    𝜀  3 𝐤 , …


  𝐤  


   𝜀  n 𝐤


   𝜀 n  ( 𝐤 + 𝐆 ) =  𝜀 n  ( 𝐤 ) .


   𝜀 n  ( 𝐤 )


   𝜀 n  ( 𝐤 )


   𝜀 n  ( 𝐤 + 𝐆 ) =  𝜀 n  ( 𝐤 )


   ℬ n =  {  𝜀 n  ( 𝐤 )   :   𝐤 ∈ BZ }


  n


   𝜀 n min ≤  𝜀 n  ( 𝐤 ) ≤  𝜀 n max .


  𝜀  ( 𝐤 ) =    ℏ 2  k 2  2 m <  E F


   E  F  


  𝐤


  N


  n


  𝐤


   𝜀 n  ( 𝐤 ) .


   𝜀 n  ( 𝐤 )


  𝐤


   E g =  min 𝐤  𝜀 empty  ( 𝐤 ) −  max 𝐤  𝜀 occupied  ( 𝐤 ) .


  n


   𝜀 n  ( 𝐤 ) =  E F


  a


   R n = n a ,     n ∈ ℤ


  G =   2 𝜋 m a ,   m ∈ ℤ


  U  ( x ) =  U 0 a   ∑  n = − ∞  + ∞ 𝛿  ( x − n a )


   U 0


  G


   U G =  1 a   ∫ 0 a U  ( x )  e  − i G x   d x =  U 0


  U  ( 𝐫 ) =   ∑ 𝐆   U 𝐆  e  i 𝐆 ⋅ 𝐫


   U 𝐆 =  1   V c   ∫   V c U  ( 𝐫 )  e  − i 𝐆 ⋅ 𝐫    d 3 r


   U G =  U 0


   Q q =   ∑ G   c  q − G


   (    ℏ 2  q 2  2 m − 𝜀 )  c q +   ∑ G   U G  c  q − G = 0


   (    ℏ 2  q 2  2 m − 𝜀 )  c q +  U 0   ∑ G   c  q − G = 0 .


   (    ℏ 2  q 2  2 m − 𝜀 )  c q +  U 0  Q q = 0


   c q


   c q = −    U 0     ℏ 2  q 2  2 m − 𝜀  Q q


  k


  q = k − G


  G


    ∑ G   [  c  k − G +    U 0     ℏ 2  2 m   ( k − G ) 2 − ℇ  Q  k − G ] = 0


  G


   Q q =   ∑ G   c  q − G


   c q = −    U 0     ℏ 2  q 2  2 m − 𝜀  Q q


  q = k − G


   c  k − G +    U 0     ℏ 2  2 m    ( k − G ) 2 − 𝜀  Q  k − G = 0 .


      Q  k − G  =   ∑   G ′   c  k − G −  G ′  =   ∑   G  ′ ′   c  k −  G  ′ ′ =  Q k


   G  ′ ′ = G +  G ′


   G  ′ ′


   G ′


   Q  k − G


  G


   Q k +  U 0  Q k   ∑ G   1   [    ℏ 2  2 m   ( k − G ) 2 − ℇ ] = 0


   Q k ≠ 0


  −  1   U 0 =   ∑ G   1   [    ℏ 2  2 m   ( k − G ) 2 − ℇ ]


   G n =   2 𝜋 n a ,     n ∈ ℤ


  a


   Q k +  U 0  Q k   ∑ G   1   [    ℏ 2  2 m   ( k − G ) 2 − ℇ ] = 0


  n


  −  𝜋 a ≤ k ≤  𝜋 a ,


   𝜀 n  ( k )


  k


   𝜀 n  ( k )


  k


  n


   𝜀 n  ( k )


  a  


  v  ( x )


  b < a


  U  ( x ) =   ∑  n = − ∞  + ∞  v ( x − n a )


   R n = n a ,     n ∈ ℤ .


  v  ( x − n a )


  x = n a


  ℇ =    h 2  K 2  2 m


  v  ( x )


  U  ( x ) =   ∑  n = − ∞  + ∞  v ( x − n a )


  x = 0


  v  ( x )


  v  ( x ) = v  ( − x )


  K  


  k


  K


  v  ( x )


  r  ( K )


  t  ( K )


  v  ( x ) = 0   for   ∣ x ∣ ≥  a 2


   𝜓 L  ( x ) =  {     e  i K x + r  ( K )  e  − i K x ,  x ≤ −  a 2 ,   t  ( K )  e  i K x ,  x ≥  a 2 .


  R  ( K ) = ∣ r  ( K )  ∣ 2 ,     T  ( K ) = ∣ t  ( K )  ∣ 2 ,     R  ( K ) + T  ( K ) = 1


   𝜓 L  ( x ) =  {     e  i K x + r  e  − i K x               x ≤ −  a 2   t  e  i K x                                           x ≥  a 2


  v  ( x ) = v  ( − x ) ,


   𝜓 L  ( x )


  𝜀


   𝜓 R  ( x ) =  𝜓 L  ( − x )


  x


  − x


   𝜓 L  ( x )


   𝜓 R  ( x ) =  {    t    e  − i K x ,  x ≤ −  a 2 ,    e  − i K x + r    e  i K x ,  x ≥  a 2 .


   𝜓 L  ( x )


   𝜓 R  ( x )


   𝜓 R  ( x ) =  {    t  e  − i K x                                     x ≤ −  a 2    e  − i K x + r  e  i K x         x ≥  a 2


   𝜓 L  ( x ) =  {     e  i K x + r  e  − i K x               x ≤ −  a 2   t  e  i K x                                           x ≥  a 2


  𝜓  ( x ) = A  𝜓 L  ( x ) + B  𝜓 R  ( x ) .


  −  a 2 ≤ x ≤  a 2


   𝜓 k  ( x ) =  {    A  e  i K x +  ( A r + B t )  e  − i K x ,  x ≤ −  a 2 ,    ( A t + B r )  e  i K x + B  e  − i K x ,  x ≥  a 2 .


   𝜓 k  ( x + a ) =  e  i k a  𝜓 k  ( x ) ,


  k  


   𝜓 k  (  a 2 ) =  e  i k a  𝜓 k  ( −  a 2 ) .


   𝜓 k  ( −  a 2 ) = A  e  − i K  a 2 +  ( A r + B t )  e  i K  a 2


   𝜓 k  (  a 2 ) =  ( A t + B r )  e  i K  a 2 + B  e  − i K  a 2


   ( A t + B r )  e  i K  a 2 + B  e  − i K  a 2 =  e  i k a  [ A  e  − i K  a 2 +  ( A r + B t )  e  i K  a 2 ]


   e  − i K  a 2


   e  i k a  [ A +  ( A r + B t )  e  i K a ] = B +  ( A t + B r )  e  i K a


  𝑨


  𝑩


   [  e  i k a  ( 1 + r  e  i K a ) − t  e  i K a ] 𝑨 +  ( t  e  i k a  e  i K a − r  e  i K a − 1 ) 𝑩 = 0


   𝜓 k  ( x ) =  {    A  e  i K x +  ( A r + B t )  e  − i K x ,  x ≤ −  a 2 ,    ( A t + B r )  e  i K x + B  e  − i K x ,  x ≥  a 2 .


  x = −  a 2


   𝜓 k  ( x + a ) =  e  i k a  𝜓 k  ( x )


   𝜓 k  (  a 2 ) =  e  i k a  𝜓 k  ( −  a 2 )


   𝜓 k ′  ( x + a ) =  e  i k a  𝜓 k ′  ( x )


  x = − a / 2


   𝜓 k ′  (  a 2 ) =  e  i k a  𝜓 k ′  ( −  a 2 )


   𝜓 k  ( x )


   𝜓 k ′  ( x ) =  {    i K A  e  i K x − i K  ( A r + B t )  e  − i K x                                 x ≤ −  a 2   i K  ( A t + B r )  e  i K x − i K B  e  − i K x                                 x ≥  a 2


   𝜓 k ′  ( −  a 2 ) = i K A  e  − i K  a 2 − i K  ( A r + B t )  e  i K  a 2


   𝜓 k ′  (  a 2 ) = i K  ( A t + B r )  e  i K  a 2 − i K B  e  − i K  a 2


   𝜓 k  ( x ) =  {    A  e  i K x +  ( A r + B t )  e  − i K x ,  x ≤ −  a 2 ,    ( A t + B r )  e  i K x + B  e  − i K x ,  x ≥  a 2 .


   ( A t + B r )  e  i K  a 2 − B  e  − i K  a 2 =  e  i k a  [ A  e  − i K  a 2 −  ( A r + B t )  e  i K  a 2 ]


   e  − i K a / 2


   e  i k a  [ A −  ( A r + B t )  e  i K a ] = − B +  ( A t + B r )  e  i K a


  𝑨  


  𝑩


   [  e  i k a  ( 1 − r  e  i K a ) − t  e  i K a ] 𝑨 +  ( − t  e  i k a  e  i K a − r  e  i K a + 1 ) 𝑩 = 0


   {     [  e  i k a  ( 1 + r  e  i K a ) − t  e  i K a ] 𝑨 +  ( t  e  i k a  e  i K a − r  e  i K a − 1 ) 𝑩 = 0      [  e  i k a  ( 1 − r  e  i K a ) − t  e  i K a ] 𝑨 +  ( − t  e  i k a  e  i K a − r  e  i K a + 1 ) 𝑩 = 0  


   𝜓 k ′  ( x + a ) =  e  i k a  𝜓 k ′  ( x )


   𝜓 k ′  ( −  a 2 ) = i K A  e  − i K  a 2 − i K  ( A r + B t )  e  i K  a 2


   𝜓 k ′  (  a 2 ) = i K  ( A t + B r )  e  i K  a 2 − i K B  e  − i K  a 2


   [  e  i k a  ( 1 + r  e  i K a ) − t  e  i K a ] ∙  ( − t  e  i k a  e  i K a − r  e  i K a + 1 ) −  ( t  e  i k a  e  i K a − r  e  i K a − 1 )


  ∙  [  e  i k a  ( 1 − r  e  i K a ) − t  e  i K a ] = 0


   e  2 i K a  (  t 2 −  r 2 )  e  i k a − t  ( 1 +  e  2 i k a )  e  i K a +  e  i k a = 0


   e  − i k a  e  − i K a


   e  i K a  (  t 2 −  r 2 ) − t  (  e  − i k a +  e  i k a ) +  e  − i K a = 0


   e  − i k a +  e  i k a = 2  cos ⁡   ( k a )


  2 t  cos ⁡   ( k a ) =  e  i K a  (  t 2 −  r 2 ) +  e  − i K a


  k


  K


  𝜀 =    ℏ 2  K 2  2 m


  ± 𝜋 / 2


  2 ∣ t  ( K ) ∣  e  i 𝛿  ( K ) cos ⁡  ( k a ) =  e  i K a  [ ∣ t  ( K )  ∣ 2 + ∣ r  ( K )  ∣ 2 ]  e  2 i 𝛿  ( K ) +  e  − i K a


  2 ∣ t  ( K ) ∣  e  i 𝛿  ( K ) cos ⁡  ( k a ) =  e  i K a + 2 i 𝛿  ( K ) +  e  − i K a


  2 t  cos ⁡   ( k a ) =  e  i K a  (  t 2 −  r 2 ) +  e  − i K a


  t  ( K ) = ∣ t  ( K ) ∣  e  i 𝛿  ( K ) ,


  r  ( K ) = ± i   ∣ r  ( K ) ∣  e  i 𝛿  ( K )


  ∣ t  ( K )  ∣ 2 + ∣ r  ( K )  ∣ 2 = 1


   e  − i 𝛿  ( K )


   e  i 𝛼 +  e  − i 𝛼 = 2  cos ⁡ 𝛼 ,


  cos ⁡  ( k a ) =   cos ⁡  [ K a + 𝛿  ( K ) ]  ∣ t  ( K ) ∣


  ℇ =    h 2  K 2  2 m


  2 ∣ t  ( K ) ∣  e  i 𝛿  ( K ) cos ⁡  ( k a ) =  e  i K a + 2 i 𝛿  ( K ) +  e  − i K a


  2 ∣ t  ( K ) ∣ cos ⁡  ( k a ) =  e  i  [ K a + 𝛿  ( K ) ] +  e  − i  [ K a + 𝛿  ( K ) ]


  0 < ∣ t  ( K ) ∣ ≤ 1


  𝛿  ( K )


  ∣ t  ( K ) ∣


  K


  ∣ t  ( K ) ∣ → 1


  K → ∞


  K


   1  ∣ t  ( K ) ∣


  ∣ F  ( K ) ∣


  cos ⁡  ( k a ) =   cos ⁡  [ K a + 𝛿  ( K ) ]  ∣ t  ( K ) ∣


  K


  − 1 ≤ cos ⁡  ( k a ) ≤ 1


  k


  ∣ F  ( K ) ∣ =   cos ⁡  [ K a + 𝛿  ( K ) ]  ∣ t  ( K ) ∣ ≤ 1


  K


  ∣ F  ( K ) ∣


  + 1  


  − 1


  K


  𝜀 =    ℏ 2  K 2  2 m


  ∣ F  ( K ) ∣ > 1


  k  


  𝐤  


   𝜓 𝐤  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆  e  i  ( 𝐤 − 𝐆 ) ⋅ 𝐫


   c  𝐤 − 𝐆


  𝜀


   [    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2 − 𝜀 ]  c  𝐤 − 𝐆 +   ∑   𝐆 ′   U   𝐆 ′ − 𝐆  c  𝐤 −  𝐆 ′ = 0


  .


  𝐤


  𝐆


  n


  𝐤


   ℇ q    0 =    ℏ 2  q 2  2 m


   [  𝜀  𝐤 − 𝐆 0 − 𝜀 ]  c  𝐤 − 𝐆 = 0


   c  𝐤 − 𝐆


   [    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2 − 𝜀 ]  c  𝐤 − 𝐆 +   ∑   𝐆 ′   U   𝐆 ′ − 𝐆  c  𝐤 −  𝐆 ′ = 0


   U 𝐆 = 0           ∀   𝐆


   [    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2 − 𝜀 ]  c  𝐤 − 𝐆 = 0


  𝜀 =  𝜀  𝐤 − 𝐆 0


   𝐆 1


  𝜀 =  𝜀  𝐤 −  𝐆 1 0


   c  𝐤 −  𝐆 1


   c  𝐤 − 𝐆 = 0       for     𝐆 ≠  𝐆 1


   𝐆 1 , … ,  𝐆 m


   𝜀  𝐤 −  𝐆 1 0 = ⋯ =  𝜀  𝐤 −  𝐆 m 0


  𝜀  


   c  𝐤 −  𝐆 j ,       j = 1 , … , m


   U 𝐆


  𝜀 =  𝜀  𝐤 −  𝐆 1 0


   𝐆 1


   c  𝐤 −  𝐆  1  


  𝐤  


   𝐆 1


   𝜀  𝐤 −  𝐆 1 0


   ∣  𝜀  𝐤 −  𝐆 1 0 −  𝜀  𝐤 − 𝐆 0 ∣ ≫  ∣  U  𝐆 −  𝐆 1 ∣ ,     𝐆 ≠  𝐆 1


  𝜀 =  𝜀  𝐤 −  𝐆 1 0 ,    c  𝐤 −  𝐆 1 ≠ 0


   c  𝐤 − 𝐆 = 0 ,     𝐆 ≠  𝐆 1


   c  𝐤 −  𝐆 1


   [ 𝜀 −  𝜀  𝐤 −  𝐆 1 0 ]  c  𝐤 −  𝐆 1 =   ∑   𝐆 ′   U   𝐆 ′ −  𝐆 1  c  𝐤 −  𝐆 ′


   [    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2 − 𝜀 ]  c  𝐤 − 𝐆 +   ∑   𝐆 ′   U   𝐆 ′ − 𝐆  c  𝐤 −  𝐆 ′ = 0


  𝐆 =  𝐆 1


   [ 𝜀 −  𝜀  𝐤 −  𝐆 1 0 ]  c  𝐤 −  𝐆 1 =   ∑   𝐆 ′   U   𝐆 ′ −  𝐆 1  c  𝐤 −  𝐆 ′


   𝐆 ′ =  𝐆 1


   U 𝟎


   c  𝐤 − 𝐆 = 0 ,     𝐆 ≠  𝐆 1


   c  𝐤 −  𝐆 1 ≠ 0


   𝐆 ′ ≠  𝐆 1


   c  𝐤 −  𝐆 ′  


   U   𝐆 ′ −  𝐆 1


  𝐆 ≠  𝐆 1


   c  𝐤 −  𝐆 1


   [ 𝜀 −  𝜀  𝐤 − 𝐆 0 ]  c  𝐤 − 𝐆 =  U   𝐆 1 − 𝐆  c  𝐤 −  𝐆 1 +   ∑   𝐆 ′ ≠  𝐆 1   U   𝐆 ′ − 𝐆  c  𝐤 −  𝐆 ′


   c  𝐤 − 𝐆 =    U   𝐆 1 − 𝐆  c  𝐤 −  𝐆 1  𝜀 −  𝜀  𝐤 − 𝐆 0 +   ∑   𝐆 ′ ≠  𝐆 1     U   𝐆 ′ − 𝐆  c  𝐤 −  𝐆 ′  𝜀 −  𝜀  𝐤 − 𝐆 0


   U   𝐆 ′ − 𝐆


   c  𝐤 −  𝐆 ′


  U


   c  𝐤 − 𝐆 =    U   𝐆 1 − 𝐆  c  𝐤 −  𝐆 1  𝜀 −  𝜀  𝐤 − 𝐆 0 +   ∑   𝐆 ′ ≠  𝐆 1     U   𝐆 ′ − 𝐆  c  𝐤 −  𝐆 ′  𝜀 −  𝜀  𝐤 − 𝐆 0


   c  𝐤 − 𝐆 =    U   𝐆 1 − 𝐆  c  𝐤 −  𝐆 1  𝜀 −  𝜀  𝐤 − 𝐆 0 + 𝒪  (  U 2 ) ,     𝐆 ≠  𝐆 1


   [ 𝜀 −  𝜀  𝐤 −  𝐆 1 0 ]  c  𝐤 −  𝐆 1 =   ∑   𝐆 ′   U   𝐆 ′ −  𝐆 1  c  𝐤 −  𝐆 ′


   c  𝐤 − 𝐆  


   𝐆 1


   [ 𝜀 −  𝜀  𝐤 −  𝐆 1 0 ]  c  𝐤 −  𝐆 1 =   ∑  𝐆 ≠  𝐆 1     U  𝐆 −  𝐆 1  U   𝐆 1 − 𝐆  𝜀 −  𝜀  𝐤 − 𝐆 0  c  𝐤 −  𝐆 1 .


  𝜀  


   𝜀  𝐤 −  𝐆 1 0


  𝜀 =  𝜀  𝐤 −  𝐆 1 0 +   ∑  𝐆 ≠  𝐆 1     U  𝐆 −  𝐆 1  U   𝐆 1 − 𝐆   𝜀  𝐤 −  𝐆 1 0 −  𝜀  𝐤 − 𝐆 0 + 𝒪  (  U 3 )


     [ ℇ −  ℇ   k → −    G 1 →    0 ] c   k → −    G 1 → =   ∑   G →   U   G → −    G 1 →  c   k → −  G →


  𝜀 =  𝜀  𝐤 −  𝐆 1 0 +   ∑  𝐆 ≠  𝐆 1     U  𝐆 −  𝐆 1  U   𝐆 1 − 𝐆   𝜀  𝐤 −  𝐆 1 0 −  𝜀  𝐤 − 𝐆 0 + 𝒪  (  U 3 )


   U  𝐆 −  𝐆 1  U   𝐆 1 − 𝐆 =    ∣  U  𝐆 −  𝐆 1 ∣ 2


   𝜀  𝐤 −  𝐆 1 0


   𝐆 1 , … ,  𝐆 m


   𝜀  𝐤 −  𝐆 1 0 = ⋯ =  𝜀  𝐤 −  𝐆 m 0 ≡  𝜀 d 0 .


   ∣  𝜀 d 0 −  𝜀  𝐤 − 𝐆 0 ∣ ≫  ∣  U  𝐆 −  𝐆 i ∣ ,


  𝐆 ∉  {   𝐆 1 , … ,   𝐆 m } ,   i = 1 , … , m .


   𝜀  𝐤 −  𝐆 1 0 = ⋯ =  𝜀  𝐤 −  𝐆 m 0 ≡  𝜀 d 0


  i = 1 , … , m


   [ 𝜀 −  𝜀  𝐤 −  𝐆 i 0 ]  c  𝐤 −  𝐆 i =   ∑  j = 1 m   U   𝐆 j −  𝐆 i  c  𝐤 −  𝐆 j +   ∑  𝐆 ∉  {   𝐆 1 , … ,   𝐆 m }   U  𝐆 −  𝐆 i  c  𝐤 − 𝐆 .


   [ 𝜀 −  𝜀  𝐤 − 𝐆 0 ]  c  𝐤 − 𝐆 =  U   𝐆 1 − 𝐆  c  𝐤 −  𝐆 1 +   ∑   𝐆 ′ ≠  𝐆 1   U   𝐆 ′ − 𝐆  c  𝐤 −  𝐆 ′


   c  𝐤 −  𝐆 i =  1  𝜀 −  𝜀  𝐤 −  𝐆 i 0  [   ∑  j = 1 m   U   𝐆 j −  𝐆 i  c  𝐤 −  𝐆 j +   ∑  𝐆 ∉  {   𝐆 1 , … ,   𝐆 m }   U  𝐆 −  𝐆 i  c  𝐤 − 𝐆 ]


  m


  i = 1 , … , m


   c  𝐤 −  𝐆 i =  1  𝜀 −  𝜀  𝐤 −  𝐆 i 0  [   ∑  j = 1 m   U   𝐆 j −  𝐆 i  c  𝐤 −  𝐆 j + 𝒪  (  U 2 ) ] .


      [ 𝜀 −  𝜀  𝐤 −  𝐆 i 0 ]  c  𝐤 −  𝐆 i =    ∑  j = 1 m   U   𝐆 j −  𝐆 i  c  𝐤 −  𝐆 j  +   ∑  j = 1 m    ∑  𝐆 ∉  {   𝐆 1 , … ,   𝐆 m }     U  𝐆 −  𝐆 i  U   𝐆 j − 𝐆  𝜀 −  𝜀  𝐤 − 𝐆 0  c  𝐤 −  𝐆 j


   [ 𝜀 −  𝜀  𝐤 −  𝐆 i 0 ]  c  𝐤 −  𝐆 i =   ∑  j = 1 m   U   𝐆 j −  𝐆 i  c  𝐤 −  𝐆 j +   ∑  𝐆 ∉  {   𝐆 1 , … ,   𝐆 m }   U  𝐆 −  𝐆 i  c  𝐤 − 𝐆 .


   [ 𝜀 −  𝜀  𝐤 −  𝐆 i 0 ]  c  𝐤 −  𝐆 i =   ∑  j = 1 m   U   𝐆 j −  𝐆 i  c  𝐤 −  𝐆 j ,   i = 1 , … , m .


   [ 𝜀 −  𝜀  𝐤 −  𝐆 i 0 ]  c  𝐤 −  𝐆 i =   ∑  j = 1 m   U   𝐆 j −  𝐆 i  c  𝐤 −  𝐆 j ,     i = 1 , … , m .


  𝐤


   𝐆 1


   𝐆 2  


   𝜀  𝐤 −  𝐆 1 0 =  𝜀  𝐤 −  𝐆 2 0


   [ 𝜀 −  𝜀  𝐤 −  𝐆 1 0 ]  c  𝐤 −  𝐆 1 =  U   𝐆 2 −  𝐆 1  c  𝐤 −  𝐆 2 ,


   [ 𝜀 −  𝜀  𝐤 −  𝐆 2 0 ]  c  𝐤 −  𝐆 2 =  U   𝐆 1 −  𝐆 2  c  𝐤 −  𝐆 1 .


  𝐪 = 𝐤 −  𝐆 1 ,


  𝐆 =  𝐆 2 −  𝐆 1 .


  𝐤 −  𝐆 2 = 𝐪 − 𝐆 .


   [ 𝜀 −  𝜀 𝐪 0 ]  c 𝐪 =  U 𝐆  c  𝐪 − 𝐆 ,


   [ 𝜀 −  𝜀  𝐪 − 𝐆 0 ]  c  𝐪 − 𝐆 =  U  − 𝐆  c 𝐪 =  U 𝐆 ∗  c 𝐪 .


   [ 𝜀 −  𝜀 𝐪 0 ]  c 𝐪 =  U 𝐆  c  𝐪 − 𝐆 ,


   [ 𝜀 −  𝜀  𝐪 − 𝐆 0 ]  c  𝐪 − 𝐆 =  U  − 𝐆  c 𝐪 =  U 𝐆 ∗  c 𝐪


   𝜀 𝐪 0 =  𝜀  𝐪 − 𝐆 0 .


   𝜀 𝐪 0 =    ℏ 2  q 2  2 m ,


  ∣ 𝐪 ∣ = ∣ 𝐪 − 𝐆 ∣ .


  Δ 𝐪 = 𝐆


  𝐆


  𝐆


  𝐪  


  𝐪 − 𝐆


   det ⁡   ∣    𝜀 −  𝜀 𝐪 0  −  U 𝐆   −  U 𝐆 ∗  𝜀 −  𝜀  𝐪 − 𝐆 0 ∣ = 0


   [ 𝜀 −  𝜀 𝐪 0 ]  c 𝐪 =  U 𝐆  c  𝐪 − 𝐆 ,


   [ 𝜀 −  𝜀  𝐪 − 𝐆 0 ]  c  𝐪 − 𝐆 =  U  − 𝐆  c 𝐪 =  U 𝐆 ∗  c 𝐪


  ∣  U 𝐆 ∣


   ( 𝜀 −  𝜀 𝐪 0 )  ( 𝜀 −  𝜀  𝐪 − 𝐆 0 ) = ∣  U 𝐆  ∣ 2


   𝜀 ± =  1 2  (  𝜀 𝐪 0 +  𝜀  𝐪 − 𝐆 0 ) ±     [    𝜀 𝐪 0 −  𝜀  𝐪 − 𝐆 0 2 ] 2 + ∣  U 𝐆  ∣ 2


   𝜀 𝐪 0


   𝜀  𝐪 − 𝐆 0


   𝜀 𝐪 0 =  𝜀  𝐪 − 𝐆 0


   𝜀 ± =  𝜀 𝐪 0 ± ∣  U 𝐆 ∣ .


  𝐪


  𝐆


  𝐪 = q    𝐆 ^  


   E g =  𝜀 + −  𝜀 − = 2 ∣  U 𝐆 ∣ .


   𝜀 ±  ( q ) =  1 2  [  𝜀 𝐪 0 +  𝜀  𝐪 − 𝐆 0 ] ±     [    𝜀 𝐪 0 −  𝜀  𝐪 − 𝐆 0 2 ] 2 + ∣  U 𝐆  ∣ 2


  q =  G 2


  𝐪


  𝐪 − 𝐆


  +


  −


  q =  G 2


   𝜀 ± =  𝜀  G / 2 0 ± ∣  U 𝐆 ∣


   𝜀 ±  ( q ) =  1 2  [  𝜀 𝐪 0 +  𝜀  𝐪 − 𝐆 0 ] ±     [    𝜀 𝐪 0 −  𝜀  𝐪 − 𝐆 0 2 ] 2 + ∣  U 𝐆  ∣ 2


  q =  G 2


   𝜀 ± =  𝜀  G / 2 0 ± ∣  U 𝐆 ∣


   E g =  𝜀 + −  𝜀 − = 2 ∣  U 𝐆 ∣


  2 𝜋


   𝜀 𝐪 0 =  𝜀  𝐪 − 𝐆 0


   G n =   2 n 𝜋 a


   q 2 =    ( q −  G n ) 2   ⟹   q =    G n 2 =   n 𝜋 a


  q = ±   n 𝜋 a


  k = ±   n 𝜋 a


   e  i k x


   e  − i k x


   𝜓 +  ( x ) ∝  e  i k x +  e  − i k x = 2 cos ⁡  ( k x ) = 2  cos ⁡    (   n 𝜋 a x ) ,


   𝜓 −  ( x ) ∝  e  i k x −  e  − i k x = 2 i sin ⁡  ( k x ) = 2 i  sin ⁡    (   n 𝜋 a x ) .


  x = m a


  m  


  ∣  𝜓 +  ( m a )  ∣ 2  is maximum ,     ∣  𝜓 −  ( m a )  ∣ 2 = 0 .


   𝜓 + ∝ 2 c o s  (  𝜋 a x )


   𝜓 − ∝ 2 i s e n  (  𝜋 a x )


  𝜌  ( x ) =  𝜓 ∗  ( x ) 𝜓  ( x ) = ∣ 𝜓  ( x )  ∣ 2


  𝜓  ( x ) ∝  e  i k x


  𝜌  ( x ) ∝  e  − i k x  e  i k x = constant


  k = 𝜋 / a


   𝜌 +  ( x ) = ∣  𝜓 +  ( x )  ∣ 2 ∝  cos 2    (   𝜋 x a )


   𝜌 +


  x = m a


  m  


   𝜌 −  ( x ) = ∣  𝜓 −  ( x )  ∣ 2 ∝  sin 2    (   𝜋 x a )


  x = m a


   𝜌 +  ( m a )  is maximum ,        𝜌 −  ( m a ) = 0


   𝜓 +  ( x ) ∝  cos ⁡    (   𝜋 x a )


   𝜓 +


   𝜓 −  ( x ) ∝  sin ⁡    (   𝜋 x a )


  k = ±   n 𝜋 a


   𝜓 +  ( x ) =   2 a  cos ⁡    (   𝜋 x a )


   E g =  𝜀 − −  𝜀 + .


  k =  𝜋 a


   𝜓 −  ( x ) =   2 a   s i n ⁡    (   𝜋 x a )


  U  ( x ) = 2  U G  cos ⁡    (   2 𝜋 x a )


   E g =  ∣   ∫ 0 a d x   U  ( x )  [ ∣  𝜓 −  ( x )  ∣ 2 − ∣  𝜓 +  ( x )  ∣ 2 ] ∣


   E g =  ∣  2 a   ∫ 0 a d x   2  U G  cos ⁡    (   2 𝜋 x a )  [  sin 2    (   𝜋 x a ) −  cos 2    (   𝜋 x a ) ] ∣ = 2 ∣  U G ∣ .


   E g = 2 ∣  U G ∣


  𝜀  ( k )


   𝜀 k 0 =    ℏ 2  k 2  2 m


  k = 0


  G


  k − G


   𝜀  k − G 0 =    ℏ 2    ( k − G ) 2  2 m .


  k = G


  k =  G 2


  .


   E g = 2 ∣  U G .


  k =  G 2


  k = G / 2


  2 ∣  U G ∣


   G n =   2 𝜋 n a .


   G n


   U   G n


  −  G 2 ≤ k ≤  G 2 .


  n


  k


   𝜀 n  ( k ) ,   −  G 2 ≤ k ≤  G 2 .


  n


   𝜀 n  ( k + G ) =  𝜀 n  ( k ) .


  k


  k + G


  N


   𝐑 n


   𝜑 s


  𝜓  ( 𝐫 ) =   ∑ n   c s n    𝜑 s  ( 𝐫 −  𝐑 n ) .


  N


  𝜓  ( 𝐫 ) =   ∑ n   c s n    𝜑 s  ( 𝐫 −  𝐑 n )


   𝜑 s  ( 𝐫 −  𝐑 n )


   𝐑 n


   E s


   [ −    ℏ 2  2 m  ∇ 2 +  U at  ( 𝐫 −  𝐑 n ) ]  𝜑 s  ( 𝐫 −  𝐑 n ) =  E s    𝜑 s  ( 𝐫 −  𝐑 n )


  𝜓  ( 𝐫 )


  𝐤


   c s n =  1   N  e  i 𝐤 ⋅  𝐑 n


   𝜓 𝐤  ( 𝐫 ) =  1   N   ∑ n   e  i 𝐤 ⋅  𝐑 n  𝜑 s  ( 𝐫 −  𝐑 n ) =  e  i 𝐤 ⋅ 𝐫      1   N   ∑ n   e  − i 𝐤 ⋅  ( 𝐫 −  𝐑 n )  𝜑 s  ( 𝐫 −  𝐑 n ) ⏟   u 𝐤  ( 𝐫 ) .


   u 𝐤  ( 𝐫 )


   𝜓 𝐤  ( 𝐫 ) =  e  i 𝐤 ⋅ 𝐫  u 𝐤  ( 𝐫 )


  Δ  U n  ( 𝐫 )


   𝐑 n


  U  ( 𝐫 ) =  U at  ( 𝐫 −  𝐑 n ) + Δ  U n  ( 𝐫 )


  n


   ℋ ^ = −    ℏ 2  2 m  ∇ 2 + U  ( 𝐫 ) =      [ −    ℏ 2  2 m  ∇ 2 +  U at  ( 𝐫 −  𝐑 n ) ] ⏟     ℋ ^ at   ( n ) + Δ  U n  ( 𝐫 ) .


  𝜓  (  r → ) =  1   N  e  i  k → ∙  r →   ∑ n   e  − i  k → ∙  (  r → −    R n → )  𝜑 s  (  r → −    R n → )


  𝜓  (  r → ) =  1   N  e  i  k → ∙  r →   ∑ n   e  − i  k → ∙  (  r → −    R n → )  𝜑 s  (  r → −    R n → )


   e  i 𝐤 ⋅ 𝐫


   𝜓 𝐤  ( 𝐫 ) =  1   N   ∑ n   e  i 𝐤 ⋅  𝐑 n  𝜑 s  ( 𝐫 −  𝐑 n )


  N  


   E s


  N


  Δ U  ( 𝐫 )


   𝜓 𝐤  ( 𝐫 )


    ∑ n     e  i 𝐤 ⋅  𝐑 n   N  ∫   𝜑 s ∗  ( 𝐫 )  [    ℋ ^ at + Δ U  ( 𝐫 ) ]  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r =  E s  ( 𝐤 )   ∑ n     e  i 𝐤 ⋅  𝐑 n   N  ∫   𝜑 s ∗  ( 𝐫 )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r .


   𝜓 𝐤  ( 𝐫 )


   [    ℋ ^ at + Δ U  ( 𝐫 ) ]   ∑ n   1   N  e  i 𝐤 ⋅  𝐑 n  𝜑 s  ( 𝐫 −  𝐑 n ) =  E s  ( 𝐤 )   ∑ n   1   N  e  i 𝐤 ⋅  𝐑 n  𝜑 s  ( 𝐫 −  𝐑 n )


   𝜑 s ∗  ( 𝐫 )


   𝐑 0 = 0


  𝐫


   ∫   𝜑 s ∗  ( 𝐫 )      ℋ ^ at   ( n )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r =  E s  ∫   𝜑 s ∗  ( 𝐫 )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r


    ∑ n   e  i 𝐤 ⋅  𝐑 n  E s  ∫   𝜑 s ∗  ( 𝐫 )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r +   ∑ n   e  i 𝐤 ⋅  𝐑 n  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U n  ( 𝐫 )    𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r


  =  E s  ( 𝐤 )   ∑ n   e  i 𝐤 ⋅  𝐑 n  ∫   𝜑 s ∗  ( 𝐫 )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r


   [  E s −  E s  ( 𝐤 ) ]   ∑ n   e  i 𝐤 ⋅  𝐑 n  ∫   𝜑 s ∗  ( 𝐫 )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r


  +   ∑ n   e  i 𝐤 ⋅  𝐑 n  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U n  ( 𝐫 )    𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r = 0


    ∑ n     e  i 𝐤 ⋅  𝐑 n   N  ∫   𝜑 s ∗  ( 𝐫 )  [    ℋ ^ at + Δ U  ( 𝐫 ) ]  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r =  E s  ( 𝐤 )   ∑ n     e  i 𝐤 ⋅  𝐑 n   N  ∫   𝜑 s ∗  ( 𝐫 )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r


   [  E s −  E s  ( 𝐤 ) ]   ∑ n   e  i 𝐤 ⋅  𝐑 n  ∫   𝜑 s ∗  ( 𝐫 )  𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r +   ∑ n   e  i 𝐤 ⋅  𝐑 n  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U n  ( 𝐫 )    𝜑 s  ( 𝐫 −  𝐑 n )    d 3 r = 0


   𝐑 n = 0


   𝐑 n = 0


   𝐑  n . n .


   [  E s −  E s  ( 𝐤 ) ] +  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U 0  ( 𝐫 )    𝜑 s  ( 𝐫 )    d 3 r


  +   ∑  n . n .   e  i 𝐤 ⋅  𝐑  n . n .  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U  n . n .  ( 𝐫 )    𝜑 s  ( 𝐫 −  𝐑  n . n . )    d 3 r


   [  E s −  E s  ( 𝐤 ) ] +  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U 0  ( 𝐫 )    𝜑 s  ( 𝐫 )    d 3 r +   ∑  n . n .   e  i 𝐤 ⋅  𝐑  n . n .  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U  n . n .  ( 𝐫 )    𝜑 s  ( 𝐫 −  𝐑  n . n . )    d 3 r


  𝛽 = −  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U 0  ( 𝐫 )    𝜑 s  ( 𝐫 )    d 3 r ,


  𝛾  (  𝐑  n . n . ) = −  ∫   𝜑 s ∗  ( 𝐫 )   Δ  U  n . n .  ( 𝐫 )    𝜑 s  ( 𝐫 −  𝐑  n . n . )    d 3 r


   E s  ( 𝐤 ) =  E s − 𝛽 −   ∑  n . n .   e  i 𝐤 ⋅  𝐑  n . n .   𝛾  (  𝐑  n . n . )


  𝛽


  𝐤


   E s  ( 𝐤 )


  𝛾  (  𝐑  n . n . )


  a


   𝐑 n = n a    𝐱 ^


   𝐑 ± = ± a    𝐱 ^ .


  𝛾 ≡ 𝛾  ( + a  𝐱 ^ ) = 𝛾  ( − a  𝐱 ^ ) ,


   E s  (  k x ) =  E s − 𝛽 − 𝛾  (  e  i  k x a +  e  − i  k x a ) .


   E s  (  k x ) =  E s − 𝛽 − 2 𝛾 cos ⁡  (  k x a ) =  E 0 − 2 𝛾 cos ⁡  (  k x a ) .


   E s  (  k x ) =  E s − 𝛽 − 𝛾  (  e  i  k x a +  e  − i  k x a )


   E 0 =  E s − 𝛽 ,


  W = 4 ∣ 𝛾 ∣ .


  ∣ 𝛾 ∣


  𝛾 → 0


  N


   E 𝛼  (  k x + G ) =  E 𝛼  (  k x ) ,     G =   2 𝜋 m a ,   m ∈ ℤ .


   k x


  −  𝜋 a ≤  k x ≤  𝜋 a


   𝜑 𝛼


   E 𝛼  (  k x ) =  E  0 𝛼 − 2  𝛾 𝛼 cos ⁡  (  k x a )


   E  0 𝛼 =  E 𝛼 −  𝛽 𝛼


   𝛾 𝛼


  ,  W 𝛼 = 4 ∣  𝛾 𝛼 ∣ .


   𝛽 𝛼


   𝜑 𝛼


   E  0 𝛼


  N  


  N


  a


   a 0


  ∣  𝛾 𝛼 ∣


   E 𝛼  (  k x ) =  E 𝛼 −  𝛽 𝛼 − 2  𝛾 𝛼 cos ⁡  (  k x a ) .


   𝛽 𝛼


   E 𝛼


   𝛾 𝛼


   𝜑 𝛼


   E n  ( 𝐤 ) ,


  𝐤


   E n  ( 𝐤 )  


  Γ


  𝐤  


   𝐚 1 = a      𝐮 ˆ x ,


   𝐚 2 = a      𝐮 ˆ y ,


   𝐚 3 = a      𝐮 ˆ z ,


     u x ^


     u y ^


     u z ^


     𝐮 ˆ x


     𝐮 ˆ y


     𝐮 ˆ z


   𝐛 1 =   2 𝜋 a    𝐮 ˆ x ,      𝐛 2 =   2 𝜋 a    𝐮 ˆ y ,      𝐛 3 =   2 𝜋 a    𝐮 ˆ z .


    2 𝜋 a


   𝒌 𝒙


   𝒌 𝒚


   𝒌 𝒛


  𝜲


  𝑴


  𝑹


  𝜞


   𝒌 𝒙


   𝒌 𝒚


   𝒌 𝒛


  Γ


  −  𝜋 a ≤  k x ,  k y ,  k z ≤  𝜋 a .


  Γ


   [ 100 ] ,      [ 110 ] ,      [ 111 ] .


  Γ → X     along   [ 100 ] ,


  Γ → M     along   [ 110 ] ,


  Γ → R     along   [ 111 ] .


  X =  (  𝜋 a , 0 , 0 ) ,


  M =  (  𝜋 a ,  𝜋 a , 0 ) ,


  R =  (  𝜋 a ,  𝜋 a ,  𝜋 a ) .


  𝜞


   𝒌 𝒙


   𝒌 𝒚


   𝒌 𝒛


  𝜲


  𝑴


  𝑹


  𝜞


  𝐱 𝐲


  𝜟


  𝚺


  Δ


   [ 100 ]


  a


  Γ → X   is denoted by  Δ ,


  Γ → M   is denoted by  Σ ,


  Γ → R   is denoted by  Λ .


    Σ


   [ 110 ]


   2 a


  Λ


   [ 111 ]


   3 a


   𝒌 𝒙


   𝒌 𝒚


   𝒌 𝒛


  𝜲


  𝑴


  𝑹


  𝜞


  In the reduced−zone scheme,  𝐤   is restricted to the first Brillouin zone. We now consider the free−electron dispersion along selected high−symmetry directions in reciprocal space


  Γ → X    ( Δ )


  Let us consider the   [ 100 ]  direction, corresponding to the path


  Along this direction,  𝐤  can be written as


   𝜀  𝐤  ( 𝜒 ) − 𝐆 0 =    ℏ 2  2 m    ∣ 𝜒    𝜋 a      𝐮 ^ x − 𝐆 ∣ 2


   𝜀  𝐤 − 𝐆 0 =    ℏ 2  2 m    ∣ 𝐤 − 𝐆 ∣ 2


  𝐤  ( 𝜒 ) = 𝜒    𝜋 a      𝐮 ^ x ,   0 ≤ 𝜒 ≤ 1


  where  a   is the lattice constant.


  The free−electron branches along  Δ  are therefore


  𝐆


  Δ  


   𝜀  𝐤  ( 𝜒 ) − 𝐆 0 =    ℏ 2  2 m    ∣ 𝜒    𝜋 a      𝐮 ^ x − 𝐆 ∣ 2


  𝐆 = 𝟎 ,


   𝜀  𝐤  ( 𝜒 ) 0 =    ℏ 2  2 m    (  𝜋 a 𝜒 ) 2 = C  𝜒 2 ,


  C =    ℏ 2  2 m    (  𝜋 a ) 2 ,     0 ≤ 𝜒 ≤ 1 .


  Γ


  C


  X


  𝐆 =  [ 1 , 0 , 0 ]


  𝐆


  𝐆 =  𝐛 1


     b 1 → =   2 𝜋 a    u x ^


     b 2 → =   2 𝜋 a    u y ^


     b 3 → =   2 𝜋 a    u z ^


  𝐆 =  𝐛 1


   𝜀  𝐤  ( 𝜒 ) − 𝐆 0 =    ℏ 2  2 m    ∣ 𝜒    𝜋 a      𝐮 ^ x − 𝐆 ∣ 2


  𝐆 =   2 𝜋 a    𝐮 ^ x


  𝐤  ( 𝜒 ) = 𝜒  𝜋 a    𝐮 ^ x ,   0 ≤ 𝜒 ≤ 1


  𝐤  ( 𝜒 )


  𝐆


   𝜀   [ 1 , 0 , 0 ] 0  ( 𝜒 ) =    ℏ 2  2 m    ∣ 𝜒  𝜋 a    𝐮 ^ x −   2 𝜋 a    𝐮 ^ x ∣ 2


   𝜀   [ 1 , 0 , 0 ] 0  ( 𝜒 ) =    ℏ 2  2 m    (  𝜋 a ) 2    ( 𝜒 − 2 ) 2


  C =    ℏ 2  2 m    (  𝜋 a ) 2


   𝜀   [ 1 , 0 , 0 ] 0  ( 𝜒 ) = C    ( 𝜒 − 2 ) 2


  Δ


   𝜀   [ 1 , 0 , 0 ] 0  ( 0 ) = 4 C ,


   𝜀   [ 1 , 0 , 0 ] 0  ( 1 ) = C .


  𝐆


  Γ − X − R − Γ − M − X


  z  


   a 3


  z


   𝜀 F =    ℏ 2  2 m    (   3  𝜋 2 z   a 3 )  2 / 3


  n =  z   a 3


   [ 100 ]


  H


   [ 110 ]


  N


   [ 111 ]


  P


  𝛤  


  H  


  𝛥


  𝛤  


  N  


  𝛴


  𝛤


  P  


  𝛬


   [ 100 ]


  X


   [ 110 ]


  K


   [ 111 ]


  L


  𝛤  


  X  


  𝛥


  𝛤  


  K  


  𝛴


  𝛤


  L  


  𝛬


  1  s 2 2  s 2 2  p 6 3  s 2 3  p 2


  1  s 2   2  s 2   2  p 6


  3  s 2   3  p 2 ,


  3 s


  3 p


  s  p 3


  c


  v


   ∫   𝜓 n ∗  ( 𝐫 )    𝜓 m  ( 𝐫 )    d 3 r =  𝛿  n m


   1   Ω  e  i 𝐤 ⋅ 𝐫


   𝜙 𝐤 OPW  ( 𝐫 ) =  1   Ω  e  i 𝐤 ⋅ 𝐫 +   ∑ c   b  𝐤 c    𝜓 𝐤 c  ( 𝐫 )


  c


  𝐤


   𝜓 𝐤 c  ( 𝐫 )


   b  𝐤 c


   𝜙 𝐤 OPW


   ∫     [  𝜓 𝐤 c  ( 𝐫 ) ] ∗  𝜙 𝐤 OPW  ( 𝐫 )    d 3 r = 0


   𝜙 𝐤 OPW  ( 𝐫 ) =  1   Ω  e  i 𝐤 ⋅ 𝐫 +   ∑   c ′   b  𝐤  c ′    𝜓 𝐤   c ′  ( 𝐫 )


   ∫     [  𝜓 𝐤 c  ( 𝐫 ) ] ∗  1   Ω  e  i 𝐤 ⋅ 𝐫    d 3 r +   ∑   c ′   b  𝐤  c ′  𝛿  c  c ′ = 0


   ∫     [  𝜓 𝐤 c  ( 𝐫 ) ] ∗  𝜓 𝐤   c ′  ( 𝐫 )    d 3 r =  𝛿  c  c ′


   ∫     [  𝜓 𝐤 c  ( 𝐫 ) ] ∗  1   Ω  e  i 𝐤 ⋅ 𝐫    d 3 r +   ∑   c ′   b  𝐤  c ′  𝛿  c  c ′ = 0


   b  𝐤 c = −  ∫     [  𝜓 𝐤 c  ( 𝐫 ) ] ∗  1   Ω  e  i 𝐤 ⋅ 𝐫    d 3 r


   U  𝐆  𝐆 ′ OPW  ( 𝐤 ) =  ∫     [  𝜙  𝐤 − 𝐆 OPW  ( 𝐫 ) ] ∗ U  ( 𝐫 )    𝜙  𝐤 −  𝐆 ′ OPW  ( 𝐫 )    d 3 r .


   𝜓 𝐤 c  ( 𝐫 )


   𝜙 𝐤 OPW  ( 𝐫 )


  𝐤


   𝜙 𝐤 OPW  ( 𝐫 ) =  1   Ω  e  i 𝐤 ⋅ 𝐫 +   ∑ c   b  𝐤 c    𝜓 𝐤 c  ( 𝐫 )


   𝜓 𝐤  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆    𝜙  𝐤 − 𝐆 OPW  ( 𝐫 )


  𝐆


   c  𝐤 − 𝐆


  𝜀  ( 𝐤 )


  U  ( 𝐫 )


   𝜓 𝐤 v  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆    𝜙  𝐤 − 𝐆 OPW  ( 𝐫 )


   𝜙  𝐤 − 𝐆 OPW  ( 𝐫 ) =  1   Ω  e  i  ( 𝐤 − 𝐆 ) ⋅ 𝐫 +   ∑ c   b  𝐤 − 𝐆 , c    𝜓  𝐤 − 𝐆 c  ( 𝐫 )


   𝜓 𝐤 v  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆  1   Ω  e  i  ( 𝐤 − 𝐆 ) ⋅ 𝐫 +   ∑ 𝐆    ∑ c   c  𝐤 − 𝐆    b  𝐤 − 𝐆 , c    𝜓  𝐤 − 𝐆 c  ( 𝐫 ) .


  𝐤 − 𝐆


  𝐤  


  𝐤


   B  𝐤 c =   ∑ 𝐆   c  𝐤 − 𝐆    b  𝐤 − 𝐆 , c


   𝜓 𝐤 v  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆  1   Ω  e  i  ( 𝐤 − 𝐆 ) ⋅ 𝐫 +   ∑ c   B  𝐤 c    𝜓 𝐤 c  ( 𝐫 )


   𝜓 𝐤 v  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆  1   Ω  e  i  ( 𝐤 − 𝐆 ) ⋅ 𝐫 +   ∑ c   B  𝐤 c    𝜓 𝐤 c  ( 𝐫 )


   H ^  𝜙 𝐤 v  ( 𝐫 ) −   ∑ c   [  ∫     [  𝜓 𝐤 c  (  𝐫 ′ ) ] ∗  𝜙 𝐤 v  (  𝐫 ′ )    d 3  r ′ ]  H ^  𝜓 𝐤 c  ( 𝐫 )


  =  𝜀 𝐤 v  {  𝜙 𝐤 v  ( 𝐫 ) −   ∑ c   [  ∫     [  𝜓 𝐤 c  (  𝐫 ′ ) ] ∗  𝜙 𝐤 v  (  𝐫 ′ )    d 3  r ′ ]  𝜓 𝐤 c  ( 𝐫 ) } .


   𝜙 𝐤 v  ( 𝐫 )


   𝜙 𝐤 v  ( 𝐫 ) =   ∑ 𝐆   c  𝐤 − 𝐆  1   Ω  e  i  ( 𝐤 − 𝐆 ) ⋅ 𝐫


   𝜓 𝐤 v  ( 𝐫 ) =  𝜙 𝐤 v  ( 𝐫 ) −   ∑ c   [  ∫     [  𝜓 𝐤 c  (  𝐫 ′ ) ] ∗  𝜙 𝐤 v  (  𝐫 ′ )    d 3  r ′ ]  𝜓 𝐤 c  ( 𝐫 )


   𝜓 𝐤 v  ( 𝐫 )


   𝜀 𝐤 v


   H ^  𝜓 𝐤 v  ( 𝐫 ) =  𝜀 𝐤 v  𝜓 𝐤 v  ( 𝐫 )


   𝜓 𝐤 v  ( 𝐫 )


   H ^  𝜙 𝐤 v  ( 𝐫 ) −   ∑ c   [  ∫     [  𝜓 𝐤 c  (  𝐫 ′ ) ] ∗  𝜙 𝐤 v  (  𝐫 ′ )    d 3  r ′ ]  H ^  𝜓 𝐤 c  ( 𝐫 ) =  𝜀 𝐤 v  {  𝜙 𝐤 v  ( 𝐫 ) −   ∑ c   [  ∫     [  𝜓 𝐤 c  (  𝐫 ′ ) ] ∗  𝜙 𝐤 v  (  𝐫 ′ )    d 3  r ′ ]  𝜓 𝐤 c  ( 𝐫 ) }


  H  𝜓 𝐤 c  ( 𝐫 ) =  𝜀 𝐤 c  𝜓 𝐤 c  ( 𝐫 )


  H  𝜙 𝐤 v  ( 𝐫 ) −   ∑ c   [  ∫   d 3  r ′    𝜓 𝐤  c ∗  (  𝐫 ′ )    𝜙 𝐤 v  (  𝐫 ′ ) ]  𝜀 𝐤 c  𝜓 𝐤 c  ( 𝐫 ) =  𝜀 𝐤 v  {  𝜙 𝐤 v  ( 𝐫 ) −   ∑ c   [  ∫   d 3  r ′    𝜓 𝐤  c ∗  (  𝐫 ′ )    𝜙 𝐤 v  (  𝐫 ′ ) ]  𝜓 𝐤 c  ( 𝐫 ) }


  H  𝜙 𝐤 v  ( 𝐫 ) +   ∑ c   (  𝜀 𝐤 v −  𝜀 𝐤 c )  [  ∫   d 3  r ′    𝜓 𝐤  c ∗  (  𝐫 ′ )    𝜙 𝐤 v  (  𝐫 ′ ) ]  𝜓 𝐤 c  ( 𝐫 ) =  𝜀 𝐤 v  𝜙 𝐤 v  ( 𝐫 )


   V R


  𝜑


   V R 𝜑 =   ∑ c   (  𝜀 𝐤 v −  𝜀 𝐤 c )  [  ∫   d 3  r ′    𝜓 𝐤  c ∗  (  𝐫 ′ )   𝜑  (  𝐫 ′ ) ]  𝜓 𝐤 c  ( 𝐫 )


   ( H +  V R )  𝜙 𝐤 v  ( 𝐫 ) =  𝜀 𝐤 v  𝜙 𝐤 v  ( 𝐫 )


   ( H +  V R )  𝜙 𝐤 v  ( 𝐫 ) =  𝜀 𝐤 v  𝜙 𝐤 v  ( 𝐫 )


   V pseudo  


   𝜙 𝐤 v  ( 𝐫 )


   𝜙 𝐤 v  ( 𝐫 )


  H +  V R


   V pseudo


  U  ( 𝐫 )


   V R


   V pseudo = U +  V R


   V pseudo  


   V R


  H = −    ℏ 2  2 m  ∇ 2 + U


  H +  V R = −    ℏ 2  2 m  ∇ 2 +  V pseudo


  U  ( 𝐫 )


   V pseudo = U +  V R


  H +  V R = −    ℏ 2  2 m  ∇ 2 +  V pseudo


   𝜀 𝐤 v >  𝜀 𝐤 c


   V R  


   V R


  U


   V pseudo


   𝜙 𝐤 v  ( 𝐫 )


   r c


   V R


   r c


   V pseudo  ( r ) =  {    0 ,  0 ≤ r ≤  r c ,   −   Z  e 2 r ,  r >  r c .


  Z


  Z = 4


   r c


   V pseudo  ( q ) = −   4 𝜋 Z  e 2   q 2 cos ⁡  ( q  r c ) ,     q ≠ 0


   V R


   V pseudo = U +  V R


  𝜑  ( 𝐫 )


   V R


   𝜀 𝐤 v


  H +  V R


   V R 𝜑 =   ∑ c   (  𝜀 𝐤 v −  𝜀 𝐤 c )  [  ∫   d 3  r ′    𝜓 𝐤  c ∗  (  𝐫 ′ )   𝜑  (  𝐫 ′ ) ]  𝜓 𝐤 c  ( 𝐫 )


  q


   𝜙 𝐤 v  ( 𝐫 )


   V R


   𝜀 𝐤 v


   E F


   V   E F R 𝜑  ( 𝐫 ) =   ∑ c   (  E F −  𝜀 𝐤 c )  [  ∫   d 3  r ′    𝜓 𝐤  c ∗  (  𝐫 ′ )   𝜑  (  𝐫 ′ ) ]  𝜓 𝐤 c  ( 𝐫 ) .


  H +  V   E F R


   E F


  𝐤  


   𝜀  n 𝐤 =  E F ,

